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We describe a physical implementation of a quantum finite automaton recognizing a well known family of
periodic languages. The realization exploits the polarization degree of freedom of single photons and their
manipulation through linear optical elements. We use techniques of confidence amplification to reduce the
acceptance error probability of the automaton. It is worth remarking that the quantum finite automaton we
physically realize is not only interesting per se, but it turns out to be a crucial building block in many quantum
finite automaton design frameworks theoretically settled in the literature.
I. INTRODUCTION
Quantum computing is a prolific research area, halfway be-
tween physics and computer science [1–5]. Most likely, its
origins may be dated back to 70’s, when some works on quan-
tum information began to appear (see, e.g., [6, 7]). In early
80’s, R.P. Feynman suggested that the computational power of
quantum mechanical processes might be beyond that of tradi-
tional computation models [8]. A similar idea was put forth
by Y.I. Manin [9]. Almost at the same time, P. Benioff already
proved that such processes are at least as powerful as Turing
machines [10]. In 1985, D. Deutsch proposed the notion of a
quantum Turing machine as a physically realizable model for
a quantum computer [11].
The first impressive result witnessing “quantum power”
was P. Shor’s algorithm for integer factorization, which could
run in polynomial time on a quantum computer [12]. It should
be stressed that no classical polynomial time factoring al-
gorithm is currently known. On this fact, the security of
many nowadays cryptographic protocols, e.g. RSA and Diffie-
Hellman, actually relies. Another relevant progress was made
by L. Grover, who proposed a quantum algorithm for search-
ing an item in an unsorted database containing n items, which
runs in time O(
√
n) [13].
These and other theoretical advances naturally drove much
attention end efforts on the physical realization of quantum
computational devices (see, e.g., [14–17]). While we can
hardly expect to see a full-featured quantum computer in the
near future, it might be reasonable to envision classical com-
puting devices incorporating quantum components. Since the
physical realization of quantum computational systems has
proved to be an extremely complex task, it is also reason-
able to keep quantum components as “small” as possible.
Small size quantum devices are modeled by quantum finite
automata, a theoretical model for quantum machines with fi-
nite memory.
∗Electronic address: stefano.olivares@fisica.unimi.it
Indeed, in current implementations of quantum computing
the preparation and initialization of qubits in superposition
or/and entangled states is often challenging, making worth the
study of quantum computation with restricted memory, which
requires less demanding resources, as in the case of the quan-
tum finite automata.
The simplest and most promising from a physical realiza-
tion viewpoint model of a quantum finite automaton is the so
called measure-once quantum finite automaton [18–21]. Such
a model also served as a basis for defining several variants of
quantum finite automata introduced and studied in a plenty of
contributions (see, e.g., [22–28]). Being the only model to
be considered in the present paper, from now on for the sake
of brevity we will simply write “quantum finite automaton”
instead of “measure-once quantum finite automaton”.
The “hardware” of a (one-way) quantum finite automaton
is that of a classical finite automaton. Thus, we have an input
tape scanned by a one-way input head moving one position
forward at each move, plus a finite basis state control. Some
basis states are designated as accepting states. At any given
time during the computation, the state of the quantum finite
automaton is represented by a complex linear combination of
classical basis states, called a superposition. At each step, a
unitary transformation associated with the currently scanned
input symbol makes the automaton evolve to the next super-
position. Superposition dynamics can transfer the complexity
of the problem from a large number of sequential steps to a
large number of coherently superposed quantum states. At
the end of input processing, the automaton is observed in its
final superposition. This operation makes the superposition
collapse to a particular (classical) basis state with a certain
probability. The probability that the automaton accepts the in-
put word is given by the probability of observing (collapsing
into) an accepting basis state. Quantum finite automata exhibit
both advantages and disadvantages with respect to their clas-
sical (e.g., deterministic or probabilistic) counterparts. Basi-
cally, quantum superposition offers some computational ad-
vantages on probabilistic superposition. On the other hand,
quantum dynamics must be reversible, and this requirement
may impose severe computational limitations to finite mem-
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2ory devices. As a matter of fact, it is sometimes impossible to
simulate classical finite automata by quantum finite automata.
In fact, as we will discuss in Section II D, isolated cut point
quantum finite automata recognize a proper subclass of regu-
lar languages [18, 20, 21].
Although weaker from a computational power point of
view, quantum finite automata may greatly outperform clas-
sical ones when descriptional power is at stake. In the realm
of descriptional complexity [29], models of computation are
compared on the basis of their size. In case of finite state ma-
chines, a commonly assumed size measure is the number of
finite control states. Most likely, the first contribution explic-
itly studying the descriptional power of quantum vs. classical
finite automata is [30], where an extremely succinct quantum
finite automaton is provided, accepting the unary language
Lm = {ak | k ∈ N and k modm = 0} for any given m> 0. The
construction in [30] uses as a basic (and sole) module a quan-
tum finite automaton A for Lm with 2 basis states, whose ac-
ceptance reliability is then enhanced within a suitable mod-
ular building framework where traditional compositions (i.e.,
direct products and sums) of quantum systems are performed.
Actually, many (if not all) contributions in the literature aim-
ing to design small size quantum finite automata for several
tasks (see, e.g., [25, 31–38]) use the module A as a crucial
building block. In this sense, the language Lm and the mod-
ule A turn out to be “paradigmatic” as tools to build and test
size-efficient quantum finite automata. Hence, a physical re-
alization of the module A might be well worth investigating.
In this paper, we put forward a physical implementation
of quantum finite automata based on the polarization degree
of freedom of single photons and able to recognize a family
of periodic languages. More precisely, due to above stressed
centrality in quantum finite automaton design frameworks, we
focus on the physical implementation of the quantum finite
automaton A for the language Lm. We investigate the per-
formance of our photonic automaton taking into account the
main sources of error and imperfections, e.g. in the prepara-
tion of the initial automaton state. We also use techniques of
confidence amplification to reduce the acceptance error prob-
ability of the automaton.
The paper is structured as follows. In Section II, we pro-
vide an almost self contained overview of the basic concepts
underling formal language theory and classical finite automa.
Moreover, we quickly address practical impacts of finite au-
tomata and the importance of investigating their size in the
light of possible physical implementations of such devices.
Next, we present the notion of a quantum finite automaton
together with some basic facts on its computational and de-
scriptional power. We particularly focus on unary automata,
i.e., automata with a single-letter input alphabet, and em-
phasize the notion of a language accepted with isolated cut
point. In Section III, we introduce a simple unary language,
as a benchmark upon which to test the descriptional power of
classical and quantum finite automata, namely the language
Lm = {ak | k ∈ N and k modm = 0} for any given m > 0. We
provide a theoretical definition of a quantum finite automa-
ton A accepting Lm with isolated cut point and 2 basis states,
whereas any classical automaton for Lm requires a number of
states which grows with m.
The photonic implementation of the quantum finite automa-
ton A with 2 basis states is then discussed in Section IV.
There, we start reviewing the standard quantum formalism
used to describe the polarization state of the single photon,
its dynamics and the link with the formalism used in the pre-
vious sections. Then, we explain the working principle of the
photonic implementation of the quantum finite automaton and
propose a discrimination strategy to reduce the acceptance er-
ror probability. Section V describes the experimental appa-
ratus and reports the results we obtained. Finally, we close
the paper with Section VI, where we draw some concluding
remarks and outlooks of our work.
II. PRELIMINARIES
A. Formal languages and classical finite automata
Formal language theory studies languages from a mathe-
matical point of view, providing formal tools and methods
to analyze language properties. Strictly connected with au-
tomata theory, the discipline dates back to 50’s, and it was
originally developed to provide a theoretical basis for natu-
ral language processing. It was soon realized that this the-
ory was relevant to the artificial languages (e.g., programming
languages) that had originated in computer science. Since its
birth, formal language theory has established as one of the
most prominent area in theoretical computer science. Its re-
sults have huge impact in numerous fields, just to cite some:
practical computer science, cryptography and security, dis-
crete mathematics and combinatorics, graph theory, mathe-
matical logic, nature inspired (e.g., quantum, bio, DNA) com-
putational models, physics, system theory.
The reader may find a lot of excellent textbooks where
thoughtful presentations of formal language and automata the-
ory and their applications are presented (see, e.g., [39, 40]).
In order to keep this paper as self-contained as possible, we
are now to present basic notions and notations of formal lan-
guage and automata theory, and briefly emphasize those as-
pects which are relevant to the present work, i.e., regular lan-
guages and finite automata.
An alphabet is any finite set Σ of elements called symbols.
A word on Σ is a sequence ω = σ1σ2 · · ·σn with σi ∈ Σ being
its i-th symbol, The length ofω , i.e., the number of symbolsω
consists of, is denoted by |ω|. We let ε be the empty word sat-
isfying |ε| = 0. The set of all words (including the empty
word) on Σ is denoted by Σ∗, and we let Σ+ = Σ∗ \{ε}. A lan-
guage L on Σ is any subset of Σ∗, i.e., L ⊆ Σ∗. If |Σ| = 1 we
say that Σ is a unary alphabet, and languages on unary alpha-
bets are called unary languages. In case of unary alphabets,
we customarily let Σ = {a} so that a unary language is any
set L ⊆ a∗. The concatenation of the word x ∈ Σ∗ with the
word y ∈ Σ∗ is the word xy consisting of the sequence of sym-
bols of x immediately followed by the sequence of symbols
of y. For any σ ∈ Σ and any positive integer k, we let σ k be
the word obtained by concatenating k times the symbol σ . We
stipulate that σ0 = ε .
3Several formal tools have been introduced, to rigorously
express languages. Formal grammars are the main genera-
tive systems for languages. A formal grammar is a quadru-
ple G = (Σ,Q,P,S) where Σ and Q are two disjoint finite al-
phabets of, respectively, terminal and nonterminal symbols,
S ∈ Q is the start-symbol, and P is the finite set of production
rules, or simply, productions. Productions can be regarded as
rewriting rules, typically expressed in the form α → β with
α ∈ (Σ∪Q)+ and β ∈ (Σ∪Q)∗. Given w,z∈ (Σ∪Q)∗, we say
that z is derived in one step from w in G whenever w = xαy,
z = xβy, and α → β is a production rule in P. Formally,
we write w⇒G z. More generally, z is derived from w in G
whenever there is a sequence w0,w1, . . . ,wn−1,wn ∈ (Σ∪Q)∗
such that w = w0 ⇒G w1 ⇒G · · · ⇒G wn−1 ⇒G wn = z. For-
mally, we write w ⇒∗G z. The language generated by the
grammar G = (Σ,Q,P,S) is the set L(G) ⊆ Σ∗ defined as
L(G) = {ω ∈ Σ∗ | S⇒∗G ω}. Two grammars G,G′ are equiv-
alent whenever L(G) = L(G′).
To help reader’s intuition, the following Example provides
a grammar and establishes the corresponding generated lan-
guage.
Example 1. When listing grammar production rules, we can
write α → β1|β2| · · ·βn−1|βn as a shortcut for expressing the
set of productions α → β1,α → β2, . . . ,α → βn. So, consider
the grammar G = (Σ= {a,b},Q = {B0, . . . ,Bk},P,B0) where
the set P of productions is defined as
P = {B0→ aB0|bB0|bB1}
∪{Bi→ aBi+1|bBi+1 for 1≤ i≤ k−1, Bk→ ε}.
Let us derive the generated language L(G). By repeat-
edly applying the productions B0 → aB0|bB0, from the start-
symbol B0 we can derive αB0, for any α ∈ {a,b}∗. Formally,
B0⇒∗G αB0. At this point, in order to generate a word of ter-
minal symbols only, we must apply the production B0→ bB1,
thus having B0 ⇒∗G αB0 ⇒G αbB1. Then, we are left to se-
quentially apply the productions Bi→ aBi+1|bBi+1, for every
1≤ i≤ k−1. So, B0⇒∗G αB0⇒G αbB1⇒∗G αbβBk, for any
β ∈ {a,b}∗ and |β | = k− 1. By applying the last production
Bk→ ε , we get B0⇒∗G αB0⇒G αbB1⇒∗G αbβBk⇒G αbβ .
Thus, the language generated by G writes as
L(G) = {ω ∈ {a,b}∗ | ω = αbβ and |β |= k−1}.
In words, L(G) consists of those words on {a,b} featuring a
symbol b at the k-th position from the right.
Originally, four types of grammars have been pointed out,
depending on the form of productions. The corresponding
four classes of generated languages turn out to be relevant
both from a practical and a theoretical point of view. Pre-
cisely, G = (Σ,Q,P,S) is a grammar of:
TYPE 0: whenever productions in P do not have any particular
restriction. The class of languages generated by this
type of grammars is the class of recursively enumerable
languages.
TYPE 1 or context-sensitive: whenever every production
α → β ∈ P satisfies |α| ≤ |β |; the production S→ ε
is allowed provided S never occurs within the right
part of any production in P. The class of languages
generated by this type of grammars is the class of
context-sensitive languages.
TYPE 2 or context-free: whenever every production in P is
of the form A → β with A ∈ Q. The class of lan-
guages generated by this type of grammars is the class
of context-free languages.
TYPE 3 or regular: whenever every production is of the form
A→ ε , A→ σ , or A→ σB with σ ∈ Σ and A,B ∈ Q.
The class of languages generated by this type of gram-
mars is the class of regular languages. The reader may
easily verify that the grammar proposed in Exercise 1 is
a TYPE 3 grammar, and hence the generated language
is an example of regular language.
It can be shown that for any given TYPE i+ 1 grammar, an
equivalent TYPE i grammar can be built. Hence, the class of
regular languages is contained in the class of context-free lan-
guages, which is contained in the class of context-sensitive
languages, which in turn is contained in the class of recur-
sively enumerable languages. In addition, we have that such a
language class hierarchy is proper. In fact: (i) there exist lan-
guages outside the class of recursively enumerable languages,
(ii) there exist recursively enumerable languages that can-
not be generated by any context-sensitive grammar, (iii) the
ternary context-sensitive language {anbncn | n ∈ N} cannot
be generated by any context-free grammar, (iv) the binary
context-free language {anbn | n ∈ N} cannot be generated by
any regular grammar. Beside the one in Example 1, further in-
stances of regular languages will be provided below. This lan-
guage class hierarchy is usually known as Chomsky hierarchy,
and the whole formal language and automata theory has been
developing around it. Every level of the hierarchy has been
deeply investigated, yielding profound results and widespread
applications.
An alternative equivalent approach to define Chomsky hier-
archy uses language accepting systems, i.e., roughly speaking,
formal computational devices which process input words and
outcome an accept/reject final verdict. For one such device,
the corresponding accepted (or recognized) language consists
of those input words that are accepted. According to this point
of view: (i) the class of recursively enumerable languages co-
incides with the class of languages accepted by Turing ma-
chines, (ii) the class of contex-sensitive languages coincides
with the class of languages accepted by linear bounded au-
tomata, (iii) the class of context-free languages coincides with
the class of languages accepted by nondeterministic push-
down automata, (iv) the class of regular languages coincides
with the class of languages accepted by (several types of) fi-
nite automata.
In this paper, we will be concerned with the class of regular
languages. In particular, we will focus on the computational
model of finite automata defining them (see (iv) above). For
extensive and thoughtful surveys on classical finite automata
theory, the reader is referred to, e.g., [39–41]. Several types of
finite automata have been introduced and deeply investigated
4in the literature. Let us begin by the original and most basic
version. In Figure 1, the “hardware” of a one-way determin-
istic finite automaton (1dfa, for short [42]) A is depicted. We
remark that the other versions of finite automata we are go-
ing to overview share the same hardware, but exhibit different
dynamics.
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FIG. 1: Schematic diagram of the “hardware” of a one-way determin-
istic finite automaton (1dfa). The 1dfa is made of a read-only input
tape consisting of a sequence of cells, each one capable of storing a
symbol. The tape may be scanned by a “head”, which is moving one
position right at each step. At each stage of the computation of A, a
finite state control is in a state from a finite set Q.
We have a read-only input tape consisting of a sequence of
cells, each one being able to store an input symbol. The tape
is scanned by an input head always moving one position right
at each step. This type of input head motion motivates the
designation “one-way”. At each time during the computation
of A, a finite state control is in a state from a finite set Q. Some
of the states in Q are designated as accepting states, while
q0 ∈Q is a designated initial state. The computation of A on a
word ω from a given input alphabet Σ begins by having: (i) ω
stored symbol-by-symbol left-to-right in the cells of the input
tape, (ii) the input head scanning the leftmost tape cell, (iii) the
finite state control being in the state q0. In a move, A reads the
symbol below the input head and, depending on such a symbol
and the state of the finite state control, it switches to the next
state according to a fixed transition function and moves the
input head one position forward. We say that A accepts ω
if and only if it enters an accepting state after scanning the
rightmost symbol of ω , otherwise A rejects ω . The language
accepted by A is the set L(A) ⊆ Σ∗ consisting of all the input
words accepted by A.
Formally, a 1dfa is a quintuple A= (Q,Σ,δ ,q0,F) where Q
is a finite set of states, with q0 ∈ Q being the initial state and
F ⊆ Q the set of accepting states, Σ is the input alphabet, and
δ : Q× Σ→ Q is the transition function defining moves as
follows: if A scans the input symbol σ by being in the state p
and δ (p,σ) = q holds, then it enters the state q and shift the
input head one position forward. The transition function δ can
be inductively extended from symbols in Σ to words in Σ∗ as
δ : Q×Σ∗→ Q. Namely, for any q ∈ Q and ω ∈ Σ∗, we let
δ (q,ω) =
{
q if ω = ε
δ (δ (q,σ),α) if ω = σα .
Thus, the language accepted by A is the set L(A)⊆ Σ∗ defined
as L(A) = {ω ∈ Σ∗ | δ (q0,ω) ∈ F}.
A nice pictorial representation of a 1dfa A= (Q,Σ,δ ,q0,F)
is by its state (or transition) graph DA. Basically, DA is a la-
belled digraph having Q as the set of its vertexes, and labelled
directed edges representing moves. Precisely, there exists an
edge from vertex p to vertex q with label σ if and only if
δ (p,σ) = q holds true. Vertexes are usually drawn as circles
on the plan with labels indicating the corresponding states,
while labelled arrows join adjacent states. The vertex corre-
sponding to the state q0 has an incoming arrow, while vertexes
associated with accepting states in F are double circled. It is
easy to see that the computation of A on the input word ω
can be tracked in DA by following the unique directed path
labelled ω from the vertex q0. So, A accepts ω if and only if
such a path ends up in a double circled vertex.
To clarify above notions, the next Example displays a 1dfa
accepting a simple unary language. We provide such a 1dfa
both in its formal definition as a quintuple and as state graph.
Example 2. The following simple unary language will play
an important role throughout the rest of the paper. For any
given integer m > 0, let
Lm = {ak | k ∈ N and k modm = 0}. (1)
Such a language can be accepted by the 1dfa
A = (Q = {q0,q1, . . . ,qm−1},Σ= {a},δ ,q0,F = {q0}),
where, for any 0 ≤ i ≤ m− 1, we set δ (qi,a) = q(i+1)modm.
It is easy to see that δ (q0,ak) = qk modm which is q0 if and
only if k modm = 0 if and only if ak ∈ Lm. Hence, L(A) = Lm.
The state graph for the 1dfa A is depicted in Figure 2. Due to
unary input alphabet, all edges would have the same label ‘a’
which can then be safely omitted.
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FIG. 2: The state graph for the 1dfa A accepting the language Lm.
Let us now turn to the model of a one-way nondeterministic
finite automaton (1nfa, for short [42]). Formally, a 1nfa is
a quintuple A = (Q,Σ,δ ,q0,F) in which every component is
defined as in 1dfa’s but the transition function which is now
a mapping δ : Q×Σ→ 2Q, where 2Q denotes the powerset
of Q, i.e., the set of all subsets of Q. Differently from the
deterministic case, now at each move A has several candidates
as possible next state. Precisely: if A scans the input symbol σ
by being in the state p and δ (p,σ)= S holds, then it may enter
one of the states in S and shift the input head one position
forward. Thus, on any input word ω , more computation paths
5from q0 exist; if at least one of such paths leads to an accepting
state, then A accepts ω . More formally, we can inductively
extend the transition function δ to subsets of states and words
as δ : 2Q × Σ∗ → 2Q. First of all, we define the extension
δ : 2Q × Σ→ 2Q as δ (S,σ) = ∪q∈Sδ (q,σ), for any S ⊆ Q
and σ ∈ Σ. Then, for any S⊆ Q and ω ∈ Σ∗, we let
δ (S,ω) =
{
S if ω = ε
δ (δ (S,σ),α) if ω = σα .
Thus, the language accepted by A is the set L(A)⊆ Σ∗ defined
as L(A) = {ω ∈ Σ∗ | δ ({q0},ω)∩F 6= /0}. The reader may
easily verify that a 1dfa can be seen as a 1nfa where, for any
q ∈Q and σ ∈ Σ, we have that δ (q,σ) contains a single state.
The state graph DA for the 1nfa A = (Q,Σ,δ ,q0,F) can be
defined as above for the deterministic case, but now an edge
from vertex p to vertex q with label σ exists if and only if
q ∈ δ (p,σ) holds true. This means that, in general, a vertex
may present more outgoing edges with the same label. Thus,
A accepts an input word ω if and only if there exists a path
in DA labelled ω from q0 to a double circled vertex.
The following Example proposes a 1nfa expressed as state
graph for a binary language.
Example 3. Consider the binary language in Example 1, for
which a TYPE 3 grammar was there provided. Here, we call
that language Ek which was defined as
Ek = {ω ∈ {a,b}∗ | ω = αbβ and |β |= k−1}. (2)
Thus, a word on {a,b} is in Ek if and only if its k-th symbol
from the right is ‘b’. In Figure 3, the state graph of a 1nfa
accepting Ek is depicted. The reader may easily verify that
the accepted language is exactly Ek. Moreover, she/he may
straightforwardly work out an equivalent formal definition of
the 1nfa as a quintuple.
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FIG. 3: The state graph of a 1nfa for the language Ek.
We complete our overview of classical models of finite au-
tomata by introducing the notion of a one-way probabilistic
finite automaton (1pfa, for short [43]). Formally, a 1pfa is
a quintuple A = (Q,Σ,δ ,q0,F) in which every component is
defined as usual, but now δ returns a probability distribution
for the next state. More precisely, δ : Q× Σ×Q → [0,1]
is defined such that δ (p,σ ,q) is the probability that A, be-
ing in the state p, reaches the state q upon reading the sym-
bol σ . As usual, the input head is shifted one position right
at each move. Clearly, for any p ∈ Q and σ ∈ Σ, we require
that ∑q∈Q δ (p,σ ,q) = 1. Inductively extending the transition
function δ to words enables us to get δ : Q×Σ∗×Q→ [0,1],
where δ (p,ω,q) yields the probability that A, being in the
state p, reaches the state q upon reading the input word ω as
δ (p,ω,q) =
{
0 if ω = ε and p 6= q
1 if ω = ε and p = q
∑s∈Q δ (p,σ ,s) ·δ (s,α,q) if ω = σα .
Thus, the probability that A accepts the input wordω writes as
pA(ω) = ∑q∈F δ (q0,ω,q), i.e., the probability for A to reach
an accepting state from the initial state q0 after processing ω .
Given a real number λ , we define the language accepted by
A with cut point λ as the set LA,λ = {ω ∈ Σ∗ | pA(ω)> λ}.
A language L ⊆ Σ∗ is said to be accepted by A with isolated
cut point λ whenever L = LA,λ and there exists ρ > 0 such
that |pA(ω)−λ | ≥ ρ for every ω ∈ Σ∗. The relevance of iso-
lated cut point acceptance is due to the fact that, in this case,
we can arbitrarily reduce the classification error probability
of an input word by repeating a constant number of times (not
depending on the length of the input word) its parsing and tak-
ing the majority of the answers [41, 43]. In our experiment,
we will use this fact to reduce the error probability. Notice
that beside isolated cut point acceptance, other probabilistic
acceptance mode are widely studied in the literature (see, e.g.,
[24, 25, 36, 44].
Without going into details, even with a 1pfa A, a state graph
DA can be naturally associated. Now, edges in DA are labeled
by both a symbol and the corresponding transition probability.
Example 4. For two primes m,n, let the unary language
Lm·n = {ak | k ∈ N and k mod (m ·n) = 0}. (3)
Notice that this is a particular instance of the unary lan-
guage introduced in Example 2. We define the set of states
Q = {s, p0, . . . , pm−1,q0, . . . ,qm−1}, and construct the 1pfa
A = (Q,Σ= {a},δ ,s,F = {s, p0,q0}) where we set
•δ (s,a, p1) = 12 = δ (s,a,q1),
•δ (pi,a, p(i+1)modm) = 1 = δ (q j,a,q( j+1)modn)
for 0≤ i≤ m−1 and 0≤ j ≤ n−1,
• any other transition occurs with probability 0.
It is not hard to see that
pA(ak) =
{
1 if ak ∈ Lm·n
≤ 12 otherwise.
Thus, the 1pfa A accepts Lm·n with cut point 34 isolated by 14 .
The state graph of the 1pfa A is sketched in Figure 4. As usual,
due to unary input alphabet, we omit the label ‘a’ from every
edge. Moreover, each edge without an associated probability
defines a move occurring with certainty.
For the sake of completeness, we point out that two-way
finite automata are also considered in the literature. Very
roughly speaking, a two-way finite automaton has the same
hardware as a one-way finite automaton, but its input head can
move one position forward or backward, or stand still at each
move. Two-way motion of the input head can be adopted by
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FIG. 4: The state graph of the 1pfa A for the language Lm·n.
the three paradigms above recalled, thus leading to the models
of 2dfa’s, 2nfa’s, and 2pfa’s. Formal definitions and proper-
ties of two way finite automata may be found, e.g., in [39–
43, 45, 46].
The computational power of all these (and actually of many
other) variants of finite automata has been well established
in the literature along many years of research. As suggested
in (iv) in the automata based characterization of Chomsky hi-
erarchy above recalled:
Theorem 5. The class of languages accepted by {1,2}dfa’s,
{1,2}nfa’s, or by 1pfa’s with isolated cut point coincides with
the class of regular languages.
The class of regular languages is properly contained in the
class of languages accepted by isolated cut point 2pfa’s [45].
However, when restricting to unary alphabets, even isolated
cut point 2pfa’s accept exactly unary regular languages [46].
Regular languages are of fundamental importance in many
applications in computer science. Viewing regular languages
throughout finite automata greatly improved compilers and in-
terpreters design, parsing and pattern matching algorithms,
cryptography and security protocol testing, computer net-
works protocol testing, model checking and software valida-
tion. It does not sound as an exaggeration saying that almost
any task in computer science sooner or later leads to coping
with some regular language which can be fruitfully managed
via a suitable finite automaton.
However, beside being a valuable tool in language process-
ing, finite automata represent a formidable theoretical model
to deal with those physical systems which exhibit a predeter-
mined sequence of actions depending on a sequence of events
they are presented. Originally, finite automata have been in-
troduced to describe the electric activity of brain neurons, but
soon they have been extensively used in the design and anal-
ysis of several devices such as the control units for vending
machines, elevators, traffic lights, combination locks, etc. .
Particularly important is the use of finite automata in VLSI-
design, namely, in the project of sequential networks which
are the building blocks of modern computers and digital sys-
tems. Very roughly speaking, a sequential network is a
boolean circuit equipped with memory. Engineering a se-
quential network typically requires to model its behavior by
a finite automaton whose number of states directly influences
the amount of hardware (i.e., the number of logic gates) em-
ployed in the electronic realization of the sequential network.
From this point of view, having less states in the modeling fi-
nite automaton directly results in employing smaller hardware
which, in turn, means having less energy absorption and less
cooling problems. These latter physical implementation as-
pects, as the reader may easily figure out, turn out to be of
paramount importance given the current level of digital de-
vices miniaturization.
These “physical” (and other more theoretical) considera-
tions have lead to a well consolidated trend in the literature in
which, beside acceptance capabilities, the descriptional power
of finite automata is deeply investigated. Within the realm
of descriptional complexity [29], the size of finite automata
is under consideration, and a common measure for finite au-
tomaton size is the number of states. In particular, reduction
or increasing in the number of states is studied, when using
different computational paradigms (e.g., deterministic, non-
deterministic, probabilistic, quantum, one-way, two-way) on a
finite automaton to perform a given task. Let us quickly recall
some very well known results on the descriptional power of
different types of finite automata. To this aim, we say that two
finite automata A,A′ are equivalent whenever L(A) = L(A′).
It is well-known that any n-state 1nfa can be converted into
an equivalent 2n-state 1dfa [42], and that in general such an
exponential size blow-up is unavoidable. In fact, consider the
language Ek in Example 3. There, a k-state 1nfa accepting Ek
is sketched. On the other hand, it can be shown that any 1dfa
for Ek cannot have less than 2k states. A similar exponential
gap exists for 1dfa’s vs. 1pfa’s: any n-state 1pfa accepting a
language with cut point isolated by ρ can be turned into an
equivalent 1dfa with (1+1/ρ)n states [43]. Even in this case,
the exponential blow-up is in general “almost unavoidable”
(stating the exact size gap between determinism and probabil-
ism is an open problem). This can be proved by elaborating on
the language Lm·n provided in Example 4. Equivalent 1dfa’s
for n-state 2dfa’s and 2nfa’s can be obtained, paying by not
less than nn and 2n
2
states, respectively [42, 47].
Following this line of research on the succinctness of dif-
ferent computational paradigms, we are going to investigate
whether and how adopting the quantum paradigm of computa-
tion may reduce the number of states on finite state automata,
thus providing theoretical foundations for the realization of
more succinct devices with all potential benefits in terms of
miniaturization and energy consumption above addressed.
To this aim, we will be particularly interested in unary one-
way finite automata, i.e., automata having a unary input al-
phabet consisting of the sole symbol a. Clearly, unary one-
7way finite automata accept unary languages L⊆ a∗. Here, we
choose to provide a nice and compact matrix presentation of
unary one-way finite automata that will naturally lead to for-
malize the notion of a unary one-way quantum finite automa-
ton. We recall that a matrix is said to be: boolean whenever
its entries are either 0 or 1, stochastic whenever its entries are
reals from the interval [0,1] and each row sums to 1.
Let A be a unary one-way finite automaton with
{q1,q2, . . . ,qn} being the set of its states; some of these states
are accepting. Then, A can be formally written as a triple
A = (ζ ,U,η), where η ∈ {0,1}n×1 is the characteristic col-
umn vector of the accepting states, i.e. ηi = 1 if and only
if qi is an accepting state, while ζ and U have different forms
depending on the nature of A. Precisely, A is a:
1dfa: ζ ∈ {0,1}n is the characteristic row vector of the initial
state, U is an n×n boolean stochastic transition matrix,
hence U has exactly one 1 per each row, with Ui j = 1
if and only if and only if A moves from the state qi to
the state q j upon reading a, i.e., Ui j = 1 if and only if
δ (qi,a) = q j.
1nfa: as above, except that U is boolean with Ui j = 1 if and
only if q j ∈ δ (qi,a).
1pfa: ζ ∈ [0,1]n is a stochastic row vector representing the
initial probability distribution of the states1, U is an
n× n stochastic transition matrix with Ui j being the
probability that A moves from the state qi to the state q j
upon reading a, i.e., Ui j = δ (qi,a,q j).
The reader may easily work out the matrix presentation for
the unary 1dfa and the unary 1pfa defined, respectively, in
Example 2 and Example 4.
Let us see how to express the notion of accepted language
in this matrix presentation. The situation of the unary one-way
finite automata A at the end its the computation on the input
word ak is described by the vector ζUk having the following
meaning (recall that η is the characteristic vector of the final
states of A):
A is a 1dfa: ζUk is the characteristic vector of the state
reached by A at the end of the computation on ak. Thus,
the product ζUkη returns 1 if the reached state is ac-
cepting, 0 otherwise. We say that A accepts ak when-
ever ζUkη = 1.
A is a 1nfa: ζUk is the characteristic vector of the set of states
reached by A at the end of the computation on ak. Thus,
the product ζUkη returns the number of reached ac-
cepting states. We say that A accepts ak whenever
ζUkη ≥ 1.
1 The definition of a 1pfa previously given admits a single initial state q0
instead of assigning to each control state the probability of being initial. It
can be shown that the two definitions of a 1pfa are actually equivalent from
both a computational and a descriptional point of view.
A is a 1pfa: ζUk is a stochastic vector whose i-th component
represents the probability that A reaches the state qi at
the end of the computation on ak. Thus, the product
pA(ak) = ζUkη returns the probability for A to reach
an accepting state at the end of the computation on ak,
i.e., the probability that A accepts ak.
If A is a unary 1dfa or 1nfa, then the accepted language is
defined as
LA = {ak | k ∈ N and ζUkη ≥ 1}. (4)
Let A be a unary 1pfa. The language accepted by A with cut
point λ is defined as
LA,λ = {ak | k ∈ N and pA(ak)>λ}. (5)
As above recalled, the unary 1pfa A accepts a unary language
L⊆ a∗ with isolated cut point λ whenever L = LA,λ and there
exists ρ > 0 such that |pA(ak)−λ | ≥ ρ for every k ∈ N.
For the sake of completeness, we point out that when in-
vestigating the descriptional power of unary finite automata,
we get size estimations which are slightly different than those
above quoted for finite automata working on general input al-
phabets. Thus, e.g., it is known that eΘ(
√
n logn) states are nec-
essary and sufficient for 1dfa’s to simulate unary 1nfa’s [48].
The same exponential blow up is proved in [49, 50] for simu-
lating unary 2dfa’s and 2nfa’s by 1dfa’s. A “similar” exponen-
tial gap is also proved for simulating unary 1pfa’s by 1dfa’s,
however for this latter simulation the question should be stated
more carefully, and we refer the reader to [51, 52] for com-
plete details. Finally, as above recalled, we have that isolated
cut point unary 2pfa’s accept all and only regular languages,
but their exact descriptional power is still an open question.
B. Basics of linear algebra
We briefly recall some basic notions of linear algebra (see,
e.g., [53]) useful to recall the quantum picture and, in par-
ticular, to define the model of quantum finite automata. We
denote by C the field of complex numbers. Given a complex
number z ∈ C, its conjugate is denoted by z, and its modulus
by |z|=√zz. The set of n×m matrices having entries in C is
denoted by Cn×m. For matrices C ∈Cn×m and D∈Cm×r, their
product is the matrix (CD)i j = ∑mk=1 CikDk j in Cn×r. The ad-
joint of a matrix M ∈ Cn×m is the matrix M† ∈ Cm×n with
M†i j = M ji. An Hilbert space of dimension n is the linear
space C1×n — in what follows denoted by Cn for short —
equipped with sum and product by elements in C, in which,
for any vectors ζ ,ξ ∈ Cn, the inner product 〈ζ ,ξ 〉 = ζξ † is
defined. If 〈ζ ,ξ 〉 = 0, we say that ζ and ξ are orthogonal.
If ζ and ξ are orthogonal and ‖ζ‖ = 1 = ‖ξ‖, then ζ and ξ
are said to be orthonormal. The norm of vector ζ , is defined
as ‖ζ‖ =√〈ζ ,ζ 〉. Two subspaces X ,Y in Cn are orthogonal
if every vector in X is orthogonal to every vector in Y ; in this
case, the linear space generated by X ∪Y is denoted by XuY .
8A matrix M ∈ Cn×n is said to be unitary whenever MM† =
I = M†M, where I ∈ Cn×n is the identity matrix. Equiva-
lently, M is unitary if and only if it preserves the norm, i.e.,
‖ζM‖ = ‖ζ‖ for every ζ ∈ Cn. The eigenvalues of unitary
matrices are complex numbers of modulus 1, i.e., they are in
the form eiϑ , for some real ϑ . A matrix Ø ∈ Cn×n is said to
be Hermitian whenever Ø = Ø†. Let c1, . . . ,cs be the eigen-
values of the Hermitian matrix Ø and E1, . . .Es be the corre-
sponding eigenspaces. It is well known that: (i) each eigen-
value ck is real, (ii) Ei is orthogonal to E j for every i 6= j,
(iii) E1u · · ·uEs = Cn. Each vector ζ ∈ Cn can be uniquely
decomposed as ζ = ζ1 + · · ·+ ζs, where ζ j ∈ E j. The linear
transformation ζ 7→ ζ j is the projector Pj ∈ Cn×n on the sub-
space E j. It is easy to see that ∑sj=1 Pj = I. An Hermitian
matrix Ø is biunivocally determined by its eigenvalues and its
eigenspaces (or, equivalently, by its projectors). In fact, we
have Ø = c1P1+ · · ·+ csPs.
C. Axiomatic for quantum mechanics in short
Here, we use the elements of linear algebra so far recalled to
describe quantum systems (see, e.g., [54, 55] for detailed ex-
positions). Given a set Q = {q1, . . . ,qm} of basis states, every
qi can be represented by its characteristic vector ei ∈ {0,1}m
having 1 at i-th position and 0 elsewhere. A quantum state
on Q is a superposition ζ ∈ Cm of basis states of the form
ζ = ∑mk=1αkek, with coefficients αk being complex ampli-
tudes satisfying ‖ζ‖ = 1. Given an alphabet Σ = {a1, . . . ,al}
of events, with every event symbol ai we associate a unitary
transformation U(ak) : Cm→Cm. An observable is described
by an Hermitian matrix Ø = c1P1+ · · ·+csPs. Suppose that at
a given instant a quantum system is described by the quantum
state ζ . Then, we can operate:
1. Evolution by the event a j. The new state ξ = ζU(a j)
is reached. This dynamics is reversible, being that ζ =
ξU†(a j).
2. Measurement of Ø. Every outcome in {c1, . . . ,cs} can
be obtained. The outcome c j is obtained with probabil-
ity
∥∥ζPj∥∥2 = 〈ζPj,ζPj〉, and the state of the quantum
system after observing such a measurement collapses to
the superposition ζPj /
∥∥ζPj∥∥. The state transformation
induced by a measurement is typically irreversible.
D. One-way unary quantum finite automata
Several models of one-way (fully) quantum finite automata
are proposed in the literature. Basically, they differ in mea-
surement policy [22, 24, 25, 44]. In this paper, we con-
sider the simplest model of one-way quantum automata called
measure-once [18–21]. We focus on the unary case, i.e., au-
tomata having a single-letter input alphabet Σ = {a}. indeed,
the definition of a one-way quantum automata on a general
alphabet comes straightforwardly. As done in Section II A for
classical models of unary one-way finite automata, we are go-
ing to provide a matrix presentation of unary one-way quan-
tum finite automata. A more general definition of a 1qfa on a
general input alphabet may be aesily
A unary measure-once one-way quantum finite automaton
(1qfa, for short) with n basis states, some of which are des-
ignated as accepting states, is formally defined by the triple
A = (ζ ,U,P), where:
• ζ ∈ Cn, with ‖ζ‖ = 1, is the initial superposition of
basis states,
• U ∈ Cn×n is a unitary transition matrix with Ui j being
the amplitude that A moves from the basis state qi to
the basis state q j upon reading a, so that |Ui j|2 is the
probability of such a transition,
• P ∈ Cn×n is the projector onto the accepting subspace,
i.e., the subspace of Cn spanned by the accepting ba-
sis states. The projector P biunivocally individuates the
observable Ø = 1 ·P+0 · (I−P).
At the end of the computation on the input word ak, the state
of A is described by the final superposition ζUk. At this point,
the observable Ø is measured, and A is observed in an accept-
ing basis state with probability pA(ak) =
∥∥ζUkP∥∥2. This is
the probability that A accepts ak.
The definition of the unary language LA,λ accepted by A
with cut point λ , and the notion of a unary language accepted
by A with isolated cut point are identical to those provided in
Section II A for the model of unary 1pfa’s.
The designation “measure-once” given to the model of 1qfa
above introduced is due to the fact the observation for accep-
tance is performed only once, at the end of input processing.
Throughout the rest of the paper, for the sake of brevity, by
1qfa we will be meaning “measure-once 1qfa”, unless other-
wise stated.
Several contributions in the literature show that, surpris-
ingly enough, isolated cut point 1qfa’s are less powerful than
classical models of one-way finite automata. In fact, in
[18, 20, 21] it is proved that
Theorem 6. The class of languages on general alphabets ac-
cepted by isolated cut point 1qfa’s coincides with the class of
group languages [56], a proper subclass of regular languages.
This limitation still remains for more general variants of
(fully) quantum finite automata [22, 24, 25, 57]. To over-
come this computational weakness and exactly reach clas-
sical acceptance capability, hybrid models are proposed in
the literature, consisting of classical finite automata “embed-
ding” small quantum finite memory components (see, e.g.,
[24, 28, 35, 58–60]).
By restricting to unary alphabets, the computational power
of isolated cut point 1qfa’s still remains strictly lower than
that of classical devices. On the other hand, it is proved in [61]
that the class of unary languages accepted by “measure-many”
isolated cut point 1qfa’s coincides with the class of unary
regular languages. Roughly speaking, a measure-many 1qfa
9[24, 25, 57] is defined as a measure-once 1qfa, but the ob-
servation for acceptance is performed at each step along the
computation.
III. THEORETICAL DESIGN OF A SMALL QUANTUM
FINITE AUTOMATON
Although being computationally weaker, 1qfa’s may
greatly outperform classical devices when size — customar-
ily measured by the number of basis states — is considered
(see, e.g., [18, 30, 33, 34, 36, 38, 62–66]). To prove this fact,
we test the descriptional power of several models of classi-
cal and quantum one-way finite automata on the very simple
benchmark language introduced in Example 2: for any given
integer m > 0, we let the unary language
Lm = {ak | k ∈ N and k mod m = 0}. (6)
Despite its simplicity, this language proves to be particu-
larly size-consuming on classical model of one-way finite au-
tomata, as resumed in the following
Theorem 7. For any integer m > 0, let m = pα11 p
α2
2 · · · pαss be
its integer factorization, for primes pi and positive integers αi.
To accept the language Lm, the following number of states are
necessary and sufficient:
(i) m states on 1{d,n}fa’s.
(ii) pα11 + p
α2
2 + · · ·+ pαss states on 2{d,n}fa’s and isolated
cut point 1pfa’s.
Proof. (i) In Example 2, an m-state 1dfa (which is clearly a
particular 1nfa) for Lm is provided. The fact that m states are
necessary for any 1{d,n}fa to accept Lm can be easily obtained
by using the pumping lemma for regular languages [39, 40].
(ii) For 2{d,n}fa’s, the result is proved in [49]. For 1pfa’s, the
result is proved in [65].
By adopting the quantum paradigm, we can obtain isolated
cut point 1qfa’s for Lm of incredibly small size:
Theorem 8. For any integer m > 0, the language Lm can be
accepted by an isolated cut point 1qfa with two basis states.
Proof. We define the 1qfa A with 2 basis states as:
A =
(
ζ = (1,0),
Um =
(
cos(pi/m) sin(pi/m)
−sin(pi/m) cos(pi/m)
)
,
P =
(
1 0
0 0
))
. (7)
One may easily verify that U is a unitary matrix, and that
(Um)k =
(
cos(pik/m) sin(pik/m)
−sin(pik/m) cos(pik/m)
)
. (8)
Straightforward calculations show that the probability that A
accepts the word ak amounts to
pA (ak) =
∥∥∥ζ (Um)kP∥∥∥2 = cos2(pikm
)
=
{
1 if k modm = 0
< cos2(pi/m) otherwise.
(9)
In words, our 1qfa A accepts with certainty the words in Lm,
while the acceptance probability for the words not in Lm is
bounded above by cos2 (pi/m)< 1.
So, we can set the cut point λ = [1+ cos2 (pi/m)]/2 and
isolation ρ = [1− cos2 (pi/m)]/2, and conclude that Lm is ac-
cepted by the 1qfa A with 2 basis states and cut point λ iso-
lated by ρ .
In Figure 5, we depict the 1qfa A of Eq. (7) in order to
highlight the input word ak, the initial automaton state ζ , the
unitary operator Um and the measurement described by the
projector P.
input 
ak
0 (not accepted)
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<latexit sha1_base64="(null)">(null)</l atexit><latexit sha1_base64="(null)">(null)</l atexit><latexit sha1_base64="(null)">(null)</l atexit><latexit sha1_base64="(null)">(null)</l atexit>
PBSsingle photon 
source
k rotators of 
polarisation
V
H
detector 
(not accepted)
detector 
(accepted)|Hi<latexit sha1_base64="Og//1f+WV2KAZ+DPF2Ch1/bFJa8=">AAAB/3icbVC7SgNBFL0bX zG+opY2g0GwCGFXBLUL2KSMYB6QhDA7uZsMmZ1dZmaFEFP4EbZa2omtn2LlrzjZbKGJBwYO55zLvXP8WHBtXPfLya2tb2xu5bcLO7t7+wfFw6OmjhLFsMEiEam2TzUKLrFhuBHYjhXS0BfY8s e3c7/1gErzSN6bSYy9kA4lDzijxkqdR1IjXUXlUGC/WHIrbgqySryMlCBDvV/87g4iloQoDRNU607AJRVlLy4bHqLuTVFoqgxnAmeFbqIxpmxMh9ixVNI0kd4/I2dWGZAgUvZJQ1L198SUhlp PQt8mQ2pGetmbi/95ncQE170pl3FiULLFoiARxERkXgYZcIXMiIkllClubyVsRBVlxlZWsI14y/9fJc2LiudWvLvLUvUm6yYPJ3AK5+DBFVShBnVoAIMInuEFXp0n5815dz4W0ZyTzRzDHzif P+CPlio=</latexit><latexit sha1_base64="Og//1f+WV2KAZ+DPF2Ch1/bFJa8=">AAAB/3icbVC7SgNBFL0bX zG+opY2g0GwCGFXBLUL2KSMYB6QhDA7uZsMmZ1dZmaFEFP4EbZa2omtn2LlrzjZbKGJBwYO55zLvXP8WHBtXPfLya2tb2xu5bcLO7t7+wfFw6OmjhLFsMEiEam2TzUKLrFhuBHYjhXS0BfY8s e3c7/1gErzSN6bSYy9kA4lDzijxkqdR1IjXUXlUGC/WHIrbgqySryMlCBDvV/87g4iloQoDRNU607AJRVlLy4bHqLuTVFoqgxnAmeFbqIxpmxMh9ixVNI0kd4/I2dWGZAgUvZJQ1L198SUhlp PQt8mQ2pGetmbi/95ncQE170pl3FiULLFoiARxERkXgYZcIXMiIkllClubyVsRBVlxlZWsI14y/9fJc2LiudWvLvLUvUm6yYPJ3AK5+DBFVShBnVoAIMInuEFXp0n5815dz4W0ZyTzRzDHzif P+CPlio=</latexit><latexit sha1_base64="Og//1f+WV2KAZ+DPF2Ch1/bFJa8=">AAAB/3icbVC7SgNBFL0bX zG+opY2g0GwCGFXBLUL2KSMYB6QhDA7uZsMmZ1dZmaFEFP4EbZa2omtn2LlrzjZbKGJBwYO55zLvXP8WHBtXPfLya2tb2xu5bcLO7t7+wfFw6OmjhLFsMEiEam2TzUKLrFhuBHYjhXS0BfY8s e3c7/1gErzSN6bSYy9kA4lDzijxkqdR1IjXUXlUGC/WHIrbgqySryMlCBDvV/87g4iloQoDRNU607AJRVlLy4bHqLuTVFoqgxnAmeFbqIxpmxMh9ixVNI0kd4/I2dWGZAgUvZJQ1L198SUhlp PQt8mQ2pGetmbi/95ncQE170pl3FiULLFoiARxERkXgYZcIXMiIkllClubyVsRBVlxlZWsI14y/9fJc2LiudWvLvLUvUm6yYPJ3AK5+DBFVShBnVoAIMInuEFXp0n5815dz4W0ZyTzRzDHzif P+CPlio=</latexit><latexit sha1_base64="Og//1f+WV2KAZ+DPF2Ch1/bFJa8=">AAAB/3icbVC7SgNBFL0bX zG+opY2g0GwCGFXBLUL2KSMYB6QhDA7uZsMmZ1dZmaFEFP4EbZa2omtn2LlrzjZbKGJBwYO55zLvXP8WHBtXPfLya2tb2xu5bcLO7t7+wfFw6OmjhLFsMEiEam2TzUKLrFhuBHYjhXS0BfY8s e3c7/1gErzSN6bSYy9kA4lDzijxkqdR1IjXUXlUGC/WHIrbgqySryMlCBDvV/87g4iloQoDRNU607AJRVlLy4bHqLuTVFoqgxnAmeFbqIxpmxMh9ixVNI0kd4/I2dWGZAgUvZJQ1L198SUhlp PQt8mQ2pGetmbi/95ncQE170pl3FiULLFoiARxERkXgYZcIXMiIkllClubyVsRBVlxlZWsI14y/9fJc2LiudWvLvLUvUm6yYPJ3AK5+DBFVShBnVoAIMInuEFXp0n5815dz4W0ZyTzRzDHzif P+CPlio=</latexit> cos ✓|Hi + sin ✓|Vi<latexit sha1_base64="mO7Nq/gkcWedBAb+emCZtXq9v30=">AAACJ3icbVDLSgNBEJz1b XxFPXoZDIKghF0R1JvgxaOCSYRsCL2T3mRwdnaZ6RVCzHf4DX6EVz16Ez2Jf+LkIT4LBoqqanq6okxJS77/6k1MTk3PzM7NFxYWl5ZXiqtrVZvmRmBFpCo1lxFYVFJjhSQpvMwMQhIprEVXJw O/do3GylRfUDfDRgJtLWMpgJzULAahSC0PqYME/Iaf8tCAbivkOzy0Un851U+nWSz5ZX8I/pcEY1JiY5w1i29hKxV5gpqEAmvrsdSgdoNsl2SCttFDZcGQFAr7hTC3mIG4gjbWHdUwTAzv7PM tp7R4nBr3NPGh+n2iB4m13SRyyQSoY397A/E/r55TfNjoSZ3lhFqMFsW54pTyQWm8JQ0KUl1HQBjp/spFBwwIctUWXCPB7/v/kupeOfDLwfl+6fho3M0c22CbbJsF7IAds1N2xipMsFt2zx7Y o3fnPXnP3ssoOuGNZ9bZD3jvH72ZpNQ=</latexit><latexit sha1_base64="mO7Nq/gkcWedBAb+emCZtXq9v30=">AAACJ3icbVDLSgNBEJz1b XxFPXoZDIKghF0R1JvgxaOCSYRsCL2T3mRwdnaZ6RVCzHf4DX6EVz16Ez2Jf+LkIT4LBoqqanq6okxJS77/6k1MTk3PzM7NFxYWl5ZXiqtrVZvmRmBFpCo1lxFYVFJjhSQpvMwMQhIprEVXJw O/do3GylRfUDfDRgJtLWMpgJzULAahSC0PqYME/Iaf8tCAbivkOzy0Un851U+nWSz5ZX8I/pcEY1JiY5w1i29hKxV5gpqEAmvrsdSgdoNsl2SCttFDZcGQFAr7hTC3mIG4gjbWHdUwTAzv7PM tp7R4nBr3NPGh+n2iB4m13SRyyQSoY397A/E/r55TfNjoSZ3lhFqMFsW54pTyQWm8JQ0KUl1HQBjp/spFBwwIctUWXCPB7/v/kupeOfDLwfl+6fho3M0c22CbbJsF7IAds1N2xipMsFt2zx7Y o3fnPXnP3ssoOuGNZ9bZD3jvH72ZpNQ=</latexit><latexit sha1_base64="mO7Nq/gkcWedBAb+emCZtXq9v30=">AAACJ3icbVDLSgNBEJz1b XxFPXoZDIKghF0R1JvgxaOCSYRsCL2T3mRwdnaZ6RVCzHf4DX6EVz16Ez2Jf+LkIT4LBoqqanq6okxJS77/6k1MTk3PzM7NFxYWl5ZXiqtrVZvmRmBFpCo1lxFYVFJjhSQpvMwMQhIprEVXJw O/do3GylRfUDfDRgJtLWMpgJzULAahSC0PqYME/Iaf8tCAbivkOzy0Un851U+nWSz5ZX8I/pcEY1JiY5w1i29hKxV5gpqEAmvrsdSgdoNsl2SCttFDZcGQFAr7hTC3mIG4gjbWHdUwTAzv7PM tp7R4nBr3NPGh+n2iB4m13SRyyQSoY397A/E/r55TfNjoSZ3lhFqMFsW54pTyQWm8JQ0KUl1HQBjp/spFBwwIctUWXCPB7/v/kupeOfDLwfl+6fho3M0c22CbbJsF7IAds1N2xipMsFt2zx7Y o3fnPXnP3ssoOuGNZ9bZD3jvH72ZpNQ=</latexit><latexit sha1_base64="mO7Nq/gkcWedBAb+emCZtXq9v30=">AAACJ3icbVDLSgNBEJz1b XxFPXoZDIKghF0R1JvgxaOCSYRsCL2T3mRwdnaZ6RVCzHf4DX6EVz16Ez2Jf+LkIT4LBoqqanq6okxJS77/6k1MTk3PzM7NFxYWl5ZXiqtrVZvmRmBFpCo1lxFYVFJjhSQpvMwMQhIprEVXJw O/do3GylRfUDfDRgJtLWMpgJzULAahSC0PqYME/Iaf8tCAbivkOzy0Un851U+nWSz5ZX8I/pcEY1JiY5w1i29hKxV5gpqEAmvrsdSgdoNsl2SCttFDZcGQFAr7hTC3mIG4gjbWHdUwTAzv7PM tp7R4nBr3NPGh+n2iB4m13SRyyQSoY397A/E/r55TfNjoSZ3lhFqMFsW54pTyQWm8JQ0KUl1HQBjp/spFBwwIctUWXCPB7/v/kupeOfDLwfl+6fho3M0c22CbbJsF7IAds1N2xipMsFt2zx7Y o3fnPXnP3ssoOuGNZ9bZD3jvH72ZpNQ=</latexit>
pH = cos2 ✓
<latexit sha1_base64="PYrk9w6hObmGE4MEHikyyFJnGjc=">AAACCXicbVC7SgNBFJ31GeMrmtJmMAgWIewGQS2EgE3KCOYBSQyzk7vJkNnZZeauEEK+wI+w1dJObP0KK3/FySaFJh4YO JxzLnfu8WMpDLrul7O2vrG5tZ3Zye7u7R8c5o6OGyZKNIc6j2SkWz4zIIWCOgqU0Io1sNCX0PRHtzO/+QjaiEjd4ziGbsgGSgSCM7RSL5ePe1V6Qzs8Mg9l2sEhIOvlCm7JTUFXibcgBbJArZf77vQjnoSgkEtmTDsQismiFxdRhGC6E5CGaRRcwjTbSQzEjI/YANqWKpYm0kum9MwqfRpE2j6FNFV/T0xYaMw49G0yZDg0y95M/M9rJxhcdSdCxQmC4vNFQSIpRnRWC+0LDRzl2BLGtbB/pXz INONoy8vaRrzl+1dJo1zy3JJ3d1GoXC+6yZATckrOiUcuSYVUSY3UCSdj8kxeyKvz5Lw5787HPLrmLGby5A+czx+OgJkp</latexit><latexit sha1_base64="PYrk9w6hObmGE4MEHikyyFJnGjc=">AAACCXicbVC7SgNBFJ31GeMrmtJmMAgWIewGQS2EgE3KCOYBSQyzk7vJkNnZZeauEEK+wI+w1dJObP0KK3/FySaFJh4YO JxzLnfu8WMpDLrul7O2vrG5tZ3Zye7u7R8c5o6OGyZKNIc6j2SkWz4zIIWCOgqU0Io1sNCX0PRHtzO/+QjaiEjd4ziGbsgGSgSCM7RSL5ePe1V6Qzs8Mg9l2sEhIOvlCm7JTUFXibcgBbJArZf77vQjnoSgkEtmTDsQismiFxdRhGC6E5CGaRRcwjTbSQzEjI/YANqWKpYm0kum9MwqfRpE2j6FNFV/T0xYaMw49G0yZDg0y95M/M9rJxhcdSdCxQmC4vNFQSIpRnRWC+0LDRzl2BLGtbB/pXz INONoy8vaRrzl+1dJo1zy3JJ3d1GoXC+6yZATckrOiUcuSYVUSY3UCSdj8kxeyKvz5Lw5787HPLrmLGby5A+czx+OgJkp</latexit><latexit sha1_base64="PYrk9w6hObmGE4MEHikyyFJnGjc=">AAACCXicbVC7SgNBFJ31GeMrmtJmMAgWIewGQS2EgE3KCOYBSQyzk7vJkNnZZeauEEK+wI+w1dJObP0KK3/FySaFJh4YO JxzLnfu8WMpDLrul7O2vrG5tZ3Zye7u7R8c5o6OGyZKNIc6j2SkWz4zIIWCOgqU0Io1sNCX0PRHtzO/+QjaiEjd4ziGbsgGSgSCM7RSL5ePe1V6Qzs8Mg9l2sEhIOvlCm7JTUFXibcgBbJArZf77vQjnoSgkEtmTDsQismiFxdRhGC6E5CGaRRcwjTbSQzEjI/YANqWKpYm0kum9MwqfRpE2j6FNFV/T0xYaMw49G0yZDg0y95M/M9rJxhcdSdCxQmC4vNFQSIpRnRWC+0LDRzl2BLGtbB/pXz INONoy8vaRrzl+1dJo1zy3JJ3d1GoXC+6yZATckrOiUcuSYVUSY3UCSdj8kxeyKvz5Lw5787HPLrmLGby5A+czx+OgJkp</latexit><latexit sha1_base64="PYrk9w6hObmGE4MEHikyyFJnGjc=">AAACCXicbVC7SgNBFJ31GeMrmtJmMAgWIewGQS2EgE3KCOYBSQyzk7vJkNnZZeauEEK+wI+w1dJObP0KK3/FySaFJh4YO JxzLnfu8WMpDLrul7O2vrG5tZ3Zye7u7R8c5o6OGyZKNIc6j2SkWz4zIIWCOgqU0Io1sNCX0PRHtzO/+QjaiEjd4ziGbsgGSgSCM7RSL5ePe1V6Qzs8Mg9l2sEhIOvlCm7JTUFXibcgBbJArZf77vQjnoSgkEtmTDsQismiFxdRhGC6E5CGaRRcwjTbSQzEjI/YANqWKpYm0kum9MwqfRpE2j6FNFV/T0xYaMw49G0yZDg0y95M/M9rJxhcdSdCxQmC4vNFQSIpRnRWC+0LDRzl2BLGtbB/pXz INONoy8vaRrzl+1dJo1zy3JJ3d1GoXC+6yZATckrOiUcuSYVUSY3UCSdj8kxeyKvz5Lw5787HPLrmLGby5A+czx+OgJkp</latexit>
pV = sin2 ✓
<latexit sha1_base64="BVnoKu0fhOhpkubZOn1BeOTsn+Q=">AAACCXicbVC7SgNBFJ2Nrxhf0ZQ2g0GwCGE3CGohBGwsI5gHJDHMTu4mQ2Znl5m7Qgj5Aj/CVks7sfUrrPwVJ8kWmnhg4 HDOudy5x4+lMOi6X05mbX1jcyu7ndvZ3ds/yB8eNUyUaA51HslIt3xmQAoFdRQooRVrYKEvoemPbmZ+8xG0EZG6x3EM3ZANlAgEZ2ilXr4Q9xr0mnaMUA8V2sEhIOvli27ZnYOuEi8lRZKi1st/d/oRT0JQyCUzph0IxWTJi0soQjDdCUjDNAouYZrrJAZixkdsAG1LFZsn5pdM6alV+jSItH0K6Vz9PTFhoTHj0LfJkOHQLHsz8T+vnWBw2Z0IFScIii8WBYmkGNFZLbQvNHCUY0sY18L+lfI h04yjLS9nG/GW718ljUrZc8ve3XmxepV2kyXH5IScEY9ckCq5JTVSJ5yMyTN5Ia/Ok/PmvDsfi2jGSWcK5A+czx+tapk8</latexit><latexit sha1_base64="BVnoKu0fhOhpkubZOn1BeOTsn+Q=">AAACCXicbVC7SgNBFJ2Nrxhf0ZQ2g0GwCGE3CGohBGwsI5gHJDHMTu4mQ2Znl5m7Qgj5Aj/CVks7sfUrrPwVJ8kWmnhg4 HDOudy5x4+lMOi6X05mbX1jcyu7ndvZ3ds/yB8eNUyUaA51HslIt3xmQAoFdRQooRVrYKEvoemPbmZ+8xG0EZG6x3EM3ZANlAgEZ2ilXr4Q9xr0mnaMUA8V2sEhIOvli27ZnYOuEi8lRZKi1st/d/oRT0JQyCUzph0IxWTJi0soQjDdCUjDNAouYZrrJAZixkdsAG1LFZsn5pdM6alV+jSItH0K6Vz9PTFhoTHj0LfJkOHQLHsz8T+vnWBw2Z0IFScIii8WBYmkGNFZLbQvNHCUY0sY18L+lfI h04yjLS9nG/GW718ljUrZc8ve3XmxepV2kyXH5IScEY9ckCq5JTVSJ5yMyTN5Ia/Ok/PmvDsfi2jGSWcK5A+czx+tapk8</latexit><latexit sha1_base64="BVnoKu0fhOhpkubZOn1BeOTsn+Q=">AAACCXicbVC7SgNBFJ2Nrxhf0ZQ2g0GwCGE3CGohBGwsI5gHJDHMTu4mQ2Znl5m7Qgj5Aj/CVks7sfUrrPwVJ8kWmnhg4 HDOudy5x4+lMOi6X05mbX1jcyu7ndvZ3ds/yB8eNUyUaA51HslIt3xmQAoFdRQooRVrYKEvoemPbmZ+8xG0EZG6x3EM3ZANlAgEZ2ilXr4Q9xr0mnaMUA8V2sEhIOvli27ZnYOuEi8lRZKi1st/d/oRT0JQyCUzph0IxWTJi0soQjDdCUjDNAouYZrrJAZixkdsAG1LFZsn5pdM6alV+jSItH0K6Vz9PTFhoTHj0LfJkOHQLHsz8T+vnWBw2Z0IFScIii8WBYmkGNFZLbQvNHCUY0sY18L+lfI h04yjLS9nG/GW718ljUrZc8ve3XmxepV2kyXH5IScEY9ckCq5JTVSJ5yMyTN5Ia/Ok/PmvDsfi2jGSWcK5A+czx+tapk8</latexit><latexit sha1_base64="BVnoKu0fhOhpkubZOn1BeOTsn+Q=">AAACCXicbVC7SgNBFJ2Nrxhf0ZQ2g0GwCGE3CGohBGwsI5gHJDHMTu4mQ2Znl5m7Qgj5Aj/CVks7sfUrrPwVJ8kWmnhg4 HDOudy5x4+lMOi6X05mbX1jcyu7ndvZ3ds/yB8eNUyUaA51HslIt3xmQAoFdRQooRVrYKEvoemPbmZ+8xG0EZG6x3EM3ZANlAgEZ2ilXr4Q9xr0mnaMUA8V2sEhIOvli27ZnYOuEi8lRZKi1st/d/oRT0JQyCUzph0IxWTJi0soQjDdCUjDNAouYZrrJAZixkdsAG1LFZsn5pdM6alV+jSItH0K6Vz9PTFhoTHj0LfJkOHQLHsz8T+vnWBw2Z0IFScIii8WBYmkGNFZLbQvNHCUY0sY18L+lfI h04yjLS9nG/GW718ljUrZc8ve3XmxepV2kyXH5IScEY9ckCq5JTVSJ5yMyTN5Ia/Ok/PmvDsfi2jGSWcK5A+czx+tapk8</latexit>
Um
<latexit sha1_base64="vro+HC5X3uB mlZXwQnkuLgDcpMo=">AAAB93icbVA9SwNBFHwXv2L8ilraLAbBIoQ7EdQuYGMZ0U sCSQh7m3fJkr29Y3dPCCE/wVZLO7H151j5V9xcrtDEgYVhZh7v7QSJ4Nq47pdTWFvf 2Nwqbpd2dvf2D8qHR00dp4qhz2IRq3ZANQou0TfcCGwnCmkUCGwF49u533pCpXksH 80kwV5Eh5KHnFFjpQe/H/XLFbfmZiCrxMtJBXI0+uXv7iBmaYTSMEG17oRcUlH1kq rhEereFIWmynAmcFbqphoTysZ0iB1LJc0S2d0zcmaVAQljZZ80JFN/T0xppPUkCmwy omakl725+J/XSU143ZtymaQGJVssClNBTEzmJZABV8iMmFhCmeL2VsJGVFFmbFUl2 4i3/P9V0ryoeW7Nu7+s1G/ybopwAqdwDh5cQR3uoAE+MBjCM7zAqzNx3px352MRLT j5zDH8gfP5A2WzkyI=</latexit><latexit sha1_base64="vro+HC5X3uB mlZXwQnkuLgDcpMo=">AAAB93icbVA9SwNBFHwXv2L8ilraLAbBIoQ7EdQuYGMZ0U sCSQh7m3fJkr29Y3dPCCE/wVZLO7H151j5V9xcrtDEgYVhZh7v7QSJ4Nq47pdTWFvf 2Nwqbpd2dvf2D8qHR00dp4qhz2IRq3ZANQou0TfcCGwnCmkUCGwF49u533pCpXksH 80kwV5Eh5KHnFFjpQe/H/XLFbfmZiCrxMtJBXI0+uXv7iBmaYTSMEG17oRcUlH1kq rhEereFIWmynAmcFbqphoTysZ0iB1LJc0S2d0zcmaVAQljZZ80JFN/T0xppPUkCmwy omakl725+J/XSU143ZtymaQGJVssClNBTEzmJZABV8iMmFhCmeL2VsJGVFFmbFUl2 4i3/P9V0ryoeW7Nu7+s1G/ybopwAqdwDh5cQR3uoAE+MBjCM7zAqzNx3px352MRLT j5zDH8gfP5A2WzkyI=</latexit><latexit sha1_base64="vro+HC5X3uB mlZXwQnkuLgDcpMo=">AAAB93icbVA9SwNBFHwXv2L8ilraLAbBIoQ7EdQuYGMZ0U sCSQh7m3fJkr29Y3dPCCE/wVZLO7H151j5V9xcrtDEgYVhZh7v7QSJ4Nq47pdTWFvf 2Nwqbpd2dvf2D8qHR00dp4qhz2IRq3ZANQou0TfcCGwnCmkUCGwF49u533pCpXksH 80kwV5Eh5KHnFFjpQe/H/XLFbfmZiCrxMtJBXI0+uXv7iBmaYTSMEG17oRcUlH1kq rhEereFIWmynAmcFbqphoTysZ0iB1LJc0S2d0zcmaVAQljZZ80JFN/T0xppPUkCmwy omakl725+J/XSU143ZtymaQGJVssClNBTEzmJZABV8iMmFhCmeL2VsJGVFFmbFUl2 4i3/P9V0ryoeW7Nu7+s1G/ybopwAqdwDh5cQR3uoAE+MBjCM7zAqzNx3px352MRLT j5zDH8gfP5A2WzkyI=</latexit><latexit sha1_base64="vro+HC5X3uB mlZXwQnkuLgDcpMo=">AAAB93icbVA9SwNBFHwXv2L8ilraLAbBIoQ7EdQuYGMZ0U sCSQh7m3fJkr29Y3dPCCE/wVZLO7H151j5V9xcrtDEgYVhZh7v7QSJ4Nq47pdTWFvf 2Nwqbpd2dvf2D8qHR00dp4qhz2IRq3ZANQou0TfcCGwnCmkUCGwF49u533pCpXksH 80kwV5Eh5KHnFFjpQe/H/XLFbfmZiCrxMtJBXI0+uXv7iBmaYTSMEG17oRcUlH1kq rhEereFIWmynAmcFbqphoTysZ0iB1LJc0S2d0zcmaVAQljZZ80JFN/T0xppPUkCmwy omakl725+J/XSU143ZtymaQGJVssClNBTEzmJZABV8iMmFhCmeL2VsJGVFFmbFUl2 4i3/P9V0ryoeW7Nu7+s1G/ybopwAqdwDh5cQR3uoAE+MBjCM7zAqzNx3px352MRLT j5zDH8gfP5A2WzkyI=</latexit>
⇣
<latexit sha1_base64="zvI4X68r0N9SOUL9yUMysVrvsd A=">AAAB+XicbVA9SwNBFNyLXzF+RS1tFoNgEcKdCGoXsLGM4CWBJIR3m3fJkr29Y3dPiCG/wVZLO7H111j5V9xcrtDEgYVh Zh7v7QSJ4Nq47pdTWFvf2Nwqbpd2dvf2D8qHR00dp4qhz2IRq3YAGgWX6BtuBLYThRAFAlvB+Hbutx5RaR7LBzNJsBfBUPKQ MzBW8rtPaKBfrrg1NwNdJV5OKiRHo1/+7g5ilkYoDROgdSfkEkTVS6qGR6h7UxQalOFM4KzUTTUmwMYwxI6lErJEdvmMnlll QMNY2ScNzdTfE1OItJ5EgU1GYEZ62ZuL/3md1ITXvSmXSWpQssWiMBXUxHReAx1whcyIiSXAFLe3UjYCBczYskq2EW/5/6uk eVHz3Jp3f1mp3+TdFMkJOSXnxCNXpE7uSIP4hBFOnskLeXWmzpvz7nwsogUnnzkmf+B8/gApL5Ql</latexit><latexit sha1_base64="zvI4X68r0N9SOUL9yUMysVrvsd A=">AAAB+XicbVA9SwNBFNyLXzF+RS1tFoNgEcKdCGoXsLGM4CWBJIR3m3fJkr29Y3dPiCG/wVZLO7H111j5V9xcrtDEgYVh Zh7v7QSJ4Nq47pdTWFvf2Nwqbpd2dvf2D8qHR00dp4qhz2IRq3YAGgWX6BtuBLYThRAFAlvB+Hbutx5RaR7LBzNJsBfBUPKQ MzBW8rtPaKBfrrg1NwNdJV5OKiRHo1/+7g5ilkYoDROgdSfkEkTVS6qGR6h7UxQalOFM4KzUTTUmwMYwxI6lErJEdvmMnlll QMNY2ScNzdTfE1OItJ5EgU1GYEZ62ZuL/3md1ITXvSmXSWpQssWiMBXUxHReAx1whcyIiSXAFLe3UjYCBczYskq2EW/5/6uk eVHz3Jp3f1mp3+TdFMkJOSXnxCNXpE7uSIP4hBFOnskLeXWmzpvz7nwsogUnnzkmf+B8/gApL5Ql</latexit><latexit sha1_base64="zvI4X68r0N9SOUL9yUMysVrvsd A=">AAAB+XicbVA9SwNBFNyLXzF+RS1tFoNgEcKdCGoXsLGM4CWBJIR3m3fJkr29Y3dPiCG/wVZLO7H111j5V9xcrtDEgYVh Zh7v7QSJ4Nq47pdTWFvf2Nwqbpd2dvf2D8qHR00dp4qhz2IRq3YAGgWX6BtuBLYThRAFAlvB+Hbutx5RaR7LBzNJsBfBUPKQ MzBW8rtPaKBfrrg1NwNdJV5OKiRHo1/+7g5ilkYoDROgdSfkEkTVS6qGR6h7UxQalOFM4KzUTTUmwMYwxI6lErJEdvmMnlll QMNY2ScNzdTfE1OItJ5EgU1GYEZ62ZuL/3md1ITXvSmXSWpQssWiMBXUxHReAx1whcyIiSXAFLe3UjYCBczYskq2EW/5/6uk eVHz3Jp3f1mp3+TdFMkJOSXnxCNXpE7uSIP4hBFOnskLeXWmzpvz7nwsogUnnzkmf+B8/gApL5Ql</latexit><latexit sha1_base64="zvI4X68r0N9SOUL9yUMysVrvsd A=">AAAB+XicbVA9SwNBFNyLXzF+RS1tFoNgEcKdCGoXsLGM4CWBJIR3m3fJkr29Y3dPiCG/wVZLO7H111j5V9xcrtDEgYVh Zh7v7QSJ4Nq47pdTWFvf2Nwqbpd2dvf2D8qHR00dp4qhz2IRq3YAGgWX6BtuBLYThRAFAlvB+Hbutx5RaR7LBzNJsBfBUPKQ MzBW8rtPaKBfrrg1NwNdJV5OKiRHo1/+7g5ilkYoDROgdSfkEkTVS6qGR6h7UxQalOFM4KzUTTUmwMYwxI6lErJEdvmMnlll QMNY2ScNzdTfE1OItJ5EgU1GYEZ62ZuL/3md1ITXvSmXSWpQssWiMBXUxHReAx1whcyIiSXAFLe3UjYCBczYskq2EW/5/6uk eVHz3Jp3f1mp3+TdFMkJOSXnxCNXpE7uSIP4hBFOnskLeXWmzpvz7nwsogUnnzkmf+B8/gApL5Ql</latexit>
P<latexit sha1_base64="Ld3AnrRzDaJSXqW63rWrqW ph6mE=">AAAB9XicbVC7SgNBFL0bXzG+opY2g0GwCGFXBLUL2FgmYB6QBJmd3E2GzM4uM7NKCPkCWy3txNbvsfJX nN1soYkHBg7nnMu9c/xYcG1c98sprK1vbG4Vt0s7u3v7B+XDo7aOEsWwxSIRqa5PNQousWW4EdiNFdLQF9jxJ7ep 33lEpXkk7800xkFIR5IHnFFjpWbjoVxxa24Gskq8nFQgh81/94cRS0KUhgmqdS/gkoqqF1cND1EPZig0VYYzgfNS P9EYUzahI+xZKmmWyK6ekzOrDEkQKfukIZn6e2JGQ62noW+TITVjveyl4n9eLzHB9WDGZZwYlGyxKEgEMRFJKyBD rpAZMbWEMsXtrYSNqaLM2KJKthFv+f+rpH1R89ya17ys1G/ybopwAqdwDh5cQR3uoAEtYIDwDC/w6jw5b86787GI Fpx85hj+wPn8AdNHkj0=</latexit><latexit sha1_base64="Ld3AnrRzDaJSXqW63rWrqW ph6mE=">AAAB9XicbVC7SgNBFL0bXzG+opY2g0GwCGFXBLUL2FgmYB6QBJmd3E2GzM4uM7NKCPkCWy3txNbvsfJX nN1soYkHBg7nnMu9c/xYcG1c98sprK1vbG4Vt0s7u3v7B+XDo7aOEsWwxSIRqa5PNQousWW4EdiNFdLQF9jxJ7ep 33lEpXkk7800xkFIR5IHnFFjpWbjoVxxa24Gskq8nFQgh81/94cRS0KUhgmqdS/gkoqqF1cND1EPZig0VYYzgfNS P9EYUzahI+xZKmmWyK6ekzOrDEkQKfukIZn6e2JGQ62noW+TITVjveyl4n9eLzHB9WDGZZwYlGyxKEgEMRFJKyBD rpAZMbWEMsXtrYSNqaLM2KJKthFv+f+rpH1R89ya17ys1G/ybopwAqdwDh5cQR3uoAEtYIDwDC/w6jw5b86787GI Fpx85hj+wPn8AdNHkj0=</latexit><latexit sha1_base64="Ld3AnrRzDaJSXqW63rWrqW ph6mE=">AAAB9XicbVC7SgNBFL0bXzG+opY2g0GwCGFXBLUL2FgmYB6QBJmd3E2GzM4uM7NKCPkCWy3txNbvsfJX nN1soYkHBg7nnMu9c/xYcG1c98sprK1vbG4Vt0s7u3v7B+XDo7aOEsWwxSIRqa5PNQousWW4EdiNFdLQF9jxJ7ep 33lEpXkk7800xkFIR5IHnFFjpWbjoVxxa24Gskq8nFQgh81/94cRS0KUhgmqdS/gkoqqF1cND1EPZig0VYYzgfNS P9EYUzahI+xZKmmWyK6ekzOrDEkQKfukIZn6e2JGQ62noW+TITVjveyl4n9eLzHB9WDGZZwYlGyxKEgEMRFJKyBD rpAZMbWEMsXtrYSNqaLM2KJKthFv+f+rpH1R89ya17ys1G/ybopwAqdwDh5cQR3uoAEtYIDwDC/w6jw5b86787GI Fpx85hj+wPn8AdNHkj0=</latexit><latexit sha1_base64="Ld3AnrRzDaJSXqW63rWrqW ph6mE=">AAAB9XicbVC7SgNBFL0bXzG+opY2g0GwCGFXBLUL2FgmYB6QBJmd3E2GzM4uM7NKCPkCWy3txNbvsfJX nN1soYkHBg7nnMu9c/xYcG1c98sprK1vbG4Vt0s7u3v7B+XDo7aOEsWwxSIRqa5PNQousWW4EdiNFdLQF9jxJ7ep 33lEpXkk7800xkFIR5IHnFFjpWbjoVxxa24Gskq8nFQgh81/94cRS0KUhgmqdS/gkoqqF1cND1EPZig0VYYzgfNS P9EYUzahI+xZKmmWyK6ekzOrDEkQKfukIZn6e2JGQ62noW+TITVjveyl4n9eLzHB9WDGZZwYlGyxKEgEMRFJKyBD rpAZMbWEMsXtrYSNqaLM2KJKthFv+f+rpH1R89ya17ys1G/ybopwAqdwDh5cQR3uoAEtYIDwDC/w6jw5b86787GI Fpx85hj+wPn8AdNHkj0=</latexit>
R(⇡/m)
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FIG. 5: Scheme of the 1qfa A accepting the language Lm: given the
initial automaton state ζ and the input word ak the automaton outputs
“1” (accepted) or “0” (not accepted). See the text for details.
It is worth noting that the isolation ρ = [1− cos2 (pi/m)]/2
around the cut point of the 1qfa A of Eq. (7) tends to 0 for
m→ +∞. Hence, the higher m grows the higher the error
probability is, i.e., with high probability A may erroneously
accept (reject) words not in Lm (words in Lm). To over-
come this lack of precision, several modular design frame-
works have been settled in the literature, aiming to enlarge
cut point isolation paying by increasing the number of basis
states [25, 31–38]. Within these frameworks, for any desired
isolation ρ > 0, a 1qfa can be theoretically defined, which ac-
cepts Lm with cut point isolated by ρ and featuring O( logmρ )
basis states. Although the number of basis states now depends
on m, still it remains exponentially lower than the number
of states of equivalent classical one-way finite automata dis-
played in Theorem 7. In addition, the proposed O( logmρ )-state
1qfa turns out to be the smallest possible. In fact, in [34] it is
proved that any 1qfa accepting Lm with cut point isolation ρ
must have at least logmlog(1+2/ρ)) basis states.
It should be stressed that all the design frameworks pro-
posed in the literature, aiming to build extremely succinct
1qfa’s not only for Lm but also for more general families of
languages, use the simple 1qfaA of Eq. (7) as a crucial build-
ing block. Within these frameworks, the 1qfa A is suitably
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composed in a modular pattern by using traditional composi-
tions (i.e., direct product and sum of quantum systems), in or-
der to enhance precision in language recognition. In particu-
lar, from this perspective, a physical realization of the 1qfaA
is not only interesting per se, but it may provide a concrete
computational component upon which to physically project
more sophisticated and precise 1qfa’s by traditional composi-
tions of quantum systems.
IV. PHOTONIC IMPLEMENTATION OF THE QUANTUM
FINITE AUTOMATON
In this section we describe the physical implementation of
the 1qfa A of Eq. (7). The experimental realization is based
on the polarization degree of freedom of single photons and
their manipulation through suitable rotators of polarization.
For the sake of clarity, before discussing the physical imple-
mentation, we will summarize in the following the basic for-
malism used to describe this kind of quantum system.
A. The Dirac formalism
In order to describe the physical implementation of the
1qfaA of Eq. (7) accepting the language Lm, it is useful to re-
view the standard notation for quantum mechanics introduced
by Dirac [54]. This will help the reader to easily pass from the
notation used in the previous sections to the one we will use
in the following. In this notation, the state “ψ” of a quantum
system is described by the symbol |ψ〉 which is, in general,
a complex column vector in a Hilbert space. In the present
work, we are interested in the (linear) polarization state of a
single photon, therefore, only the two basis states |H〉 and |V 〉,
referring to the horizontal (H) and vertical (V ) polarization,
respectively, are needed. Indeed, due to the very law of quan-
tum mechanics, any normalized linear combination of these
two vectors represents a quantum state. For instance a single
photon polarized at an angle θ with respect to the horizontal
is described by the state vector:
|θ〉= cosθ |H〉+ sinθ |V 〉 . (10)
Since we are in the presence of only two basis states, we can
give a geometrical representation of them and of the corre-
sponding spanned space, as shown in Figure 6(a).
In this formalism, it is clear the correspondence:
|H〉= ζ † =
(
1
0
)
, and 〈H|= (|H〉)† = ζ = (1,0) , (11)
where ζ is the same state introduced in Eq. (7). Analogously,
we have:
|V 〉= ξ † =
(
0
1
)
, and |θ〉=
(
cosθ
sinθ
)
, (12)
In Section II B we introduced the inner product 〈ζ ,ξ 〉 = ζξ †
between the states ζ and ξ . Using the Dirac formalism we
1
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<latexit sha1_base64="mO7Nq/gkcWedBAb+emCZtXq9v30=">AAACJ3icbVDLSgNBEJz1 bXxFPXoZDIKghF0R1JvgxaOCSYRsCL2T3mRwdnaZ6RVCzHf4DX6EVz16Ez2Jf+LkIT4LBoqqanq6okxJS77/6k1MTk3PzM7NFxYWl5ZXiqtrVZvmRmBFpCo1lxFYVFJjhSQpvMwMQhIprEV XJwO/do3GylRfUDfDRgJtLWMpgJzULAahSC0PqYME/Iaf8tCAbivkOzy0Un851U+nWSz5ZX8I/pcEY1JiY5w1i29hKxV5gpqEAmvrsdSgdoNsl2SCttFDZcGQFAr7hTC3mIG4gjbWHdUwTAz v7PMtp7R4nBr3NPGh+n2iB4m13SRyyQSoY397A/E/r55TfNjoSZ3lhFqMFsW54pTyQWm8JQ0KUl1HQBjp/spFBwwIctUWXCPB7/v/kupeOfDLwfl+6fho3M0c22CbbJsF7IAds1N2xipMsF t2zx7Yo3fnPXnP3ssoOuGNZ9bZD3jvH72ZpNQ=</latexit><latexit sha1_base64="mO7Nq/gkcWedBAb+emCZtXq9v30=">AAACJ3icbVDLSgNBEJz1 bXxFPXoZDIKghF0R1JvgxaOCSYRsCL2T3mRwdnaZ6RVCzHf4DX6EVz16Ez2Jf+LkIT4LBoqqanq6okxJS77/6k1MTk3PzM7NFxYWl5ZXiqtrVZvmRmBFpCo1lxFYVFJjhSQpvMwMQhIprEV XJwO/do3GylRfUDfDRgJtLWMpgJzULAahSC0PqYME/Iaf8tCAbivkOzy0Un851U+nWSz5ZX8I/pcEY1JiY5w1i29hKxV5gpqEAmvrsdSgdoNsl2SCttFDZcGQFAr7hTC3mIG4gjbWHdUwTAz v7PMtp7R4nBr3NPGh+n2iB4m13SRyyQSoY397A/E/r55TfNjoSZ3lhFqMFsW54pTyQWm8JQ0KUl1HQBjp/spFBwwIctUWXCPB7/v/kupeOfDLwfl+6fho3M0c22CbbJsF7IAds1N2xipMsF t2zx7Yo3fnPXnP3ssoOuGNZ9bZD3jvH72ZpNQ=</latexit><latexit sha1_base64="mO7Nq/gkcWedBAb+emCZtXq9v30=">AAACJ3icbVDLSgNBEJz1 bXxFPXoZDIKghF0R1JvgxaOCSYRsCL2T3mRwdnaZ6RVCzHf4DX6EVz16Ez2Jf+LkIT4LBoqqanq6okxJS77/6k1MTk3PzM7NFxYWl5ZXiqtrVZvmRmBFpCo1lxFYVFJjhSQpvMwMQhIprEV XJwO/do3GylRfUDfDRgJtLWMpgJzULAahSC0PqYME/Iaf8tCAbivkOzy0Un851U+nWSz5ZX8I/pcEY1JiY5w1i29hKxV5gpqEAmvrsdSgdoNsl2SCttFDZcGQFAr7hTC3mIG4gjbWHdUwTAz v7PMtp7R4nBr3NPGh+n2iB4m13SRyyQSoY397A/E/r55TfNjoSZ3lhFqMFsW54pTyQWm8JQ0KUl1HQBjp/spFBwwIctUWXCPB7/v/kupeOfDLwfl+6fho3M0c22CbbJsF7IAds1N2xipMsF t2zx7Yo3fnPXnP3ssoOuGNZ9bZD3jvH72ZpNQ=</latexit><latexit sha1_base64="mO7Nq/gkcWedBAb+emCZtXq9v30=">AAACJ3icbVDLSgNBEJz1 bXxFPXoZDIKghF0R1JvgxaOCSYRsCL2T3mRwdnaZ6RVCzHf4DX6EVz16Ez2Jf+LkIT4LBoqqanq6okxJS77/6k1MTk3PzM7NFxYWl5ZXiqtrVZvmRmBFpCo1lxFYVFJjhSQpvMwMQhIprEV XJwO/do3GylRfUDfDRgJtLWMpgJzULAahSC0PqYME/Iaf8tCAbivkOzy0Un851U+nWSz5ZX8I/pcEY1JiY5w1i29hKxV5gpqEAmvrsdSgdoNsl2SCttFDZcGQFAr7hTC3mIG4gjbWHdUwTAz v7PMtp7R4nBr3NPGh+n2iB4m13SRyyQSoY397A/E/r55TfNjoSZ3lhFqMFsW54pTyQWm8JQ0KUl1HQBjp/spFBwwIctUWXCPB7/v/kupeOfDLwfl+6fho3M0c22CbbJsF7IAds1N2xipMsF t2zx7Yo3fnPXnP3ssoOuGNZ9bZD3jvH72ZpNQ=</latexit>
cos ✓|Hi + sin ✓|Vi
<latexit sha1_base64="mO7Nq/gkcWedBAb+emCZtXq9v30=">AAACJ3icbVDLSgNBEJz1bX xFPXoZDIKghF0R1JvgxaOCSYRsCL2T3mRwdnaZ6RVCzHf4DX6EVz16Ez2Jf+LkIT4LBoqqanq6okxJS77/6k1MTk3PzM7NFxYWl5ZXiqtrVZvmRmBFpCo1lxFYVFJjhSQpvMwMQhIprEVXJwO/d o3GylRfUDfDRgJtLWMpgJzULAahSC0PqYME/Iaf8tCAbivkOzy0Un851U+nWSz5ZX8I/pcEY1JiY5w1i29hKxV5gpqEAmvrsdSgdoNsl2SCttFDZcGQFAr7hTC3mIG4gjbWHdUwTAzv7PMtp7R4 nBr3NPGh+n2iB4m13SRyyQSoY397A/E/r55TfNjoSZ3lhFqMFsW54pTyQWm8JQ0KUl1HQBjp/spFBwwIctUWXCPB7/v/kupeOfDLwfl+6fho3M0c22CbbJsF7IAds1N2xipMsFt2zx7Yo3fnPXn P3ssoOuGNZ9bZD3jvH72ZpNQ=</latexit><latexit sha1_base64="mO7Nq/gkcWedBAb+emCZtXq9v30=">AAACJ3icbVDLSgNBEJz1bX xFPXoZDIKghF0R1JvgxaOCSYRsCL2T3mRwdnaZ6RVCzHf4DX6EVz16Ez2Jf+LkIT4LBoqqanq6okxJS77/6k1MTk3PzM7NFxYWl5ZXiqtrVZvmRmBFpCo1lxFYVFJjhSQpvMwMQhIprEVXJwO/d o3GylRfUDfDRgJtLWMpgJzULAahSC0PqYME/Iaf8tCAbivkOzy0Un851U+nWSz5ZX8I/pcEY1JiY5w1i29hKxV5gpqEAmvrsdSgdoNsl2SCttFDZcGQFAr7hTC3mIG4gjbWHdUwTAzv7PMtp7R4 nBr3NPGh+n2iB4m13SRyyQSoY397A/E/r55TfNjoSZ3lhFqMFsW54pTyQWm8JQ0KUl1HQBjp/spFBwwIctUWXCPB7/v/kupeOfDLwfl+6fho3M0c22CbbJsF7IAds1N2xipMsFt2zx7Yo3fnPXn P3ssoOuGNZ9bZD3jvH72ZpNQ=</latexit><latexit sha1_base64="mO7Nq/gkcWedBAb+emCZtXq9v30=">AAACJ3icbVDLSgNBEJz1bX xFPXoZDIKghF0R1JvgxaOCSYRsCL2T3mRwdnaZ6RVCzHf4DX6EVz16Ez2Jf+LkIT4LBoqqanq6okxJS77/6k1MTk3PzM7NFxYWl5ZXiqtrVZvmRmBFpCo1lxFYVFJjhSQpvMwMQhIprEVXJwO/d o3GylRfUDfDRgJtLWMpgJzULAahSC0PqYME/Iaf8tCAbivkOzy0Un851U+nWSz5ZX8I/pcEY1JiY5w1i29hKxV5gpqEAmvrsdSgdoNsl2SCttFDZcGQFAr7hTC3mIG4gjbWHdUwTAzv7PMtp7R4 nBr3NPGh+n2iB4m13SRyyQSoY397A/E/r55TfNjoSZ3lhFqMFsW54pTyQWm8JQ0KUl1HQBjp/spFBwwIctUWXCPB7/v/kupeOfDLwfl+6fho3M0c22CbbJsF7IAds1N2xipMsFt2zx7Yo3fnPXn P3ssoOuGNZ9bZD3jvH72ZpNQ=</latexit><latexit sha1_base64="mO7Nq/gkcWedBAb+emCZtXq9v30=">AAACJ3icbVDLSgNBEJz1bX xFPXoZDIKghF0R1JvgxaOCSYRsCL2T3mRwdnaZ6RVCzHf4DX6EVz16Ez2Jf+LkIT4LBoqqanq6okxJS77/6k1MTk3PzM7NFxYWl5ZXiqtrVZvmRmBFpCo1lxFYVFJjhSQpvMwMQhIprEVXJwO/d o3GylRfUDfDRgJtLWMpgJzULAahSC0PqYME/Iaf8tCAbivkOzy0Un851U+nWSz5ZX8I/pcEY1JiY5w1i29hKxV5gpqEAmvrsdSgdoNsl2SCttFDZcGQFAr7hTC3mIG4gjbWHdUwTAzv7PMtp7R4 nBr3NPGh+n2iB4m13SRyyQSoY397A/E/r55TfNjoSZ3lhFqMFsW54pTyQWm8JQ0KUl1HQBjp/spFBwwIctUWXCPB7/v/kupeOfDLwfl+6fho3M0c22CbbJsF7IAds1N2xipMsFt2zx7Yo3fnPXn P3ssoOuGNZ9bZD3jvH72ZpNQ=</latexit>
|Vi
<latexit sha1_base64="pl9P0geYfw+WPIGSCpOlb2f+nmM=">AAAB/3icbVC7SgNB FJ31GeMramkzGASLEHZFULuAjWUE84BNCHcnd5Mhs7PLzKwQYgo/wlZLO7H1U6z8FSebLTTxwMDhnHO5d06QCK6N6345K6tr6xubha3i9s7u3n7p4LCp41QxbLBYxKodgEbBJTY MNwLbiUKIAoGtYHQz81sPqDSP5b0ZJ9iNYCB5yBkYK/mPtEk7CuRAYK9UdqtuBrpMvJyUSY56r/Td6ccsjVAaJkBrP+QSRMVLKoZHqLsTFBqU4UzgtNhJNSbARjBA31IJWSK7f0p PrdKnYazsk4Zm6u+JCURaj6PAJiMwQ73ozcT/PD814VV3wmWSGpRsvihMBTUxnZVB+1whM2JsCTDF7a2UDUEBM7ayom3EW/z/MmmeVz236t1dlGvXeTcFckxOyBnxyCWpkVtSJw 3CSEyeyQt5dZ6cN+fd+ZhHV5x85oj8gfP5A/btljg=</latexit><latexit sha1_base64="pl9P0geYfw+WPIGSCpOlb2f+nmM=">AAAB/3icbVC7SgNB FJ31GeMramkzGASLEHZFULuAjWUE84BNCHcnd5Mhs7PLzKwQYgo/wlZLO7H1U6z8FSebLTTxwMDhnHO5d06QCK6N6345K6tr6xubha3i9s7u3n7p4LCp41QxbLBYxKodgEbBJTY MNwLbiUKIAoGtYHQz81sPqDSP5b0ZJ9iNYCB5yBkYK/mPtEk7CuRAYK9UdqtuBrpMvJyUSY56r/Td6ccsjVAaJkBrP+QSRMVLKoZHqLsTFBqU4UzgtNhJNSbARjBA31IJWSK7f0p PrdKnYazsk4Zm6u+JCURaj6PAJiMwQ73ozcT/PD814VV3wmWSGpRsvihMBTUxnZVB+1whM2JsCTDF7a2UDUEBM7ayom3EW/z/MmmeVz236t1dlGvXeTcFckxOyBnxyCWpkVtSJw 3CSEyeyQt5dZ6cN+fd+ZhHV5x85oj8gfP5A/btljg=</latexit><latexit sha1_base64="pl9P0geYfw+WPIGSCpOlb2f+nmM=">AAAB/3icbVC7SgNB FJ31GeMramkzGASLEHZFULuAjWUE84BNCHcnd5Mhs7PLzKwQYgo/wlZLO7H1U6z8FSebLTTxwMDhnHO5d06QCK6N6345K6tr6xubha3i9s7u3n7p4LCp41QxbLBYxKodgEbBJTY MNwLbiUKIAoGtYHQz81sPqDSP5b0ZJ9iNYCB5yBkYK/mPtEk7CuRAYK9UdqtuBrpMvJyUSY56r/Td6ccsjVAaJkBrP+QSRMVLKoZHqLsTFBqU4UzgtNhJNSbARjBA31IJWSK7f0p PrdKnYazsk4Zm6u+JCURaj6PAJiMwQ73ozcT/PD814VV3wmWSGpRsvihMBTUxnZVB+1whM2JsCTDF7a2UDUEBM7ayom3EW/z/MmmeVz236t1dlGvXeTcFckxOyBnxyCWpkVtSJw 3CSEyeyQt5dZ6cN+fd+ZhHV5x85oj8gfP5A/btljg=</latexit><latexit sha1_base64="pl9P0geYfw+WPIGSCpOlb2f+nmM=">AAAB/3icbVC7SgNB FJ31GeMramkzGASLEHZFULuAjWUE84BNCHcnd5Mhs7PLzKwQYgo/wlZLO7H1U6z8FSebLTTxwMDhnHO5d06QCK6N6345K6tr6xubha3i9s7u3n7p4LCp41QxbLBYxKodgEbBJTY MNwLbiUKIAoGtYHQz81sPqDSP5b0ZJ9iNYCB5yBkYK/mPtEk7CuRAYK9UdqtuBrpMvJyUSY56r/Td6ccsjVAaJkBrP+QSRMVLKoZHqLsTFBqU4UzgtNhJNSbARjBA31IJWSK7f0p PrdKnYazsk4Zm6u+JCURaj6PAJiMwQ73ozcT/PD814VV3wmWSGpRsvihMBTUxnZVB+1whM2JsCTDF7a2UDUEBM7ayom3EW/z/MmmeVz236t1dlGvXeTcFckxOyBnxyCWpkVtSJw 3CSEyeyQt5dZ6cN+fd+ZhHV5x85oj8gfP5A/btljg=</latexit>
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✓
<latexit sha1_base64="BVnoKu0fhOhpkubZOn1BeOTsn+Q=">AAACCXicbVC7SgNBFJ2Nrxhf0ZQ2g0GwCGE3CGohBGwsI5gHJDHMTu4mQ2Znl5m7Qgj5Aj/CVks7sfUrrPwVJ8kWmnhg4HDOudy5x4+lMOi6X05mbX1jcyu7ndvZ3ds/yB8eNUyUaA51HslIt3xmQAoFdRQooRVrYKEvoemPbmZ+8xG0EZG6x3EM3ZANlAgEZ2ilXr4Q9xr0mnaMUA8V2sEhIOvli27ZnYOuEi8lRZKi1st/d/oRT0JQyCUzph0IxWTJi0soQjDdCUjDNAouYZrrJAZixkdsAG1LFZsn5pdM6alV+jSItH0K6Vz9PTFhoTHj0LfJkOHQLHsz8T+vnWBw2Z0IFScIii8WBYmkGNFZLbQvNHCUY0sY18L+lfIh04yjLS9nG/GW718ljUrZc8ve3XmxepV2kyXH5IScEY9ckCq5JTVSJ5yMyTN5Ia/Ok/PmvDsfi2jGSWcK5A+czx+tapk8</latexit><latexit sha1_base64="BVnoKu0fhOhpkubZOn1BeOTsn+Q=">AAACCXicbVC7SgNBFJ2Nrxhf0ZQ2g0GwCGE3CGohBGwsI5gHJDHMTu4mQ2Znl5m7Qgj5Aj/CVks7sfUrrPwVJ8kWmnhg4HDOudy5x4+lMOi6X05mbX1jcyu7ndvZ3ds/yB8eNUyUaA51HslIt3xmQAoFdRQooRVrYKEvoemPbmZ+8xG0EZG6x3EM3ZANlAgEZ2ilXr4Q9xr0mnaMUA8V2sEhIOvli27ZnYOuEi8lRZKi1st/d/oRT0JQyCUzph0IxWTJi0soQjDdCUjDNAouYZrrJAZixkdsAG1LFZsn5pdM6alV+jSItH0K6Vz9PTFhoTHj0LfJkOHQLHsz8T+vnWBw2Z0IFScIii8WBYmkGNFZLbQvNHCUY0sY18L+lfIh04yjLS9nG/GW718ljUrZc8ve3XmxepV2kyXH5IScEY9ckCq5JTVSJ5yMyTN5Ia/Ok/PmvDsfi2jGSWcK5A+czx+tapk8</latexit><latexit sha1_base64="BVnoKu0fhOhpkubZOn1BeOTsn+Q=">AAACCXicbVC7SgNBFJ2Nrxhf0ZQ2g0GwCGE3CGohBGwsI5gHJDHMTu4mQ2Znl5m7Qgj5Aj/CVks7sfUrrPwVJ8kWmnhg4HDOudy5x4+lMOi6X05mbX1jcyu7ndvZ3ds/yB8eNUyUaA51HslIt3xmQAoFdRQooRVrYKEvoemPbmZ+8xG0EZG6x3EM3ZANlAgEZ2ilXr4Q9xr0mnaMUA8V2sEhIOvli27ZnYOuEi8lRZKi1st/d/oRT0JQyCUzph0IxWTJi0soQjDdCUjDNAouYZrrJAZixkdsAG1LFZsn5pdM6alV+jSItH0K6Vz9PTFhoTHj0LfJkOHQLHsz8T+vnWBw2Z0IFScIii8WBYmkGNFZLbQvNHCUY0sY18L+lfIh04yjLS9nG/GW718ljUrZc8ve3XmxepV2kyXH5IScEY9ckCq5JTVSJ5yMyTN5Ia/Ok/PmvDsfi2jGSWcK5A+czx+tapk8</latexit><latexit sha1_base64="BVnoKu0fhOhpkubZOn1BeOTsn+Q=">AAACCXicbVC7SgNBFJ2Nrxhf0ZQ2g0GwCGE3CGohBGwsI5gHJDHMTu4mQ2Znl5m7Qgj5Aj/CVks7sfUrrPwVJ8kWmnhg4HDOudy5x4+lMOi6X05mbX1jcyu7ndvZ3ds/yB8eNUyUaA51HslIt3xmQAoFdRQooRVrYKEvoemPbmZ+8xG0EZG6x3EM3ZANlAgEZ2ilXr4Q9xr0mnaMUA8V2sEhIOvli27ZnYOuEi8lRZKi1st/d/oRT0JQyCUzph0IxWTJi0soQjDdCUjDNAouYZrrJAZixkdsAG1LFZsn5pdM6alV+jSItH0K6Vz9PTFhoTHj0LfJkOHQLHsz8T+vnWBw2Z0IFScIii8WBYmkGNFZLbQvNHCUY0sY18L+lfIh04yjLS9nG/GW718ljUrZc8ve3XmxepV2kyXH5IScEY9ckCq5JTVSJ5yMyTN5Ia/Ok/PmvDsfi2jGSWcK5A+czx+tapk8</latexit>
✓
<latexit sha1_base64="MwofkEtx/l7/dNizTxXQMfHyleE=">AAAB+nicb VDLSgNBEOz1GeMr6tHLYhA8hLArgnoLePEYwTwgCWF20puMmZ1dZnqFEPMPXvXoTbz6M578FSfJHjSxYKCoqqZ7KkikMOR5X87K6tr6xmZuK7+9s7u3Xzg4rJs 41RxrPJaxbgbMoBQKayRIYjPRyKJAYiMY3kz9xiNqI2J1T6MEOxHrKxEKzshK9TYNkFi3UPTK3gzuMvEzUoQM1W7hu92LeRqhIi6ZMa1QKCZLflIiEaHpjFEap klwiZN8OzWYMD5kfWxZqtgsMTt94p5apeeGsbZPkTtTf0+MWWTMKApsMmI0MIveVPzPa6UUXnXGQiUpoeLzRWEqXYrdaQ9uT2jkJEeWMK6FvdXlA6YZJ9tW3j biL/5/mdTPy75X9u8uipXrrJscHMMJnIEPl1CBW6hCDTg8wDO8wKvz5Lw5787HPLriZDNH8AfO5w/poJSR</latexit><latexit sha1_base64="MwofkEtx/l7/dNizTxXQMfHyleE=">AAAB+nicb VDLSgNBEOz1GeMr6tHLYhA8hLArgnoLePEYwTwgCWF20puMmZ1dZnqFEPMPXvXoTbz6M578FSfJHjSxYKCoqqZ7KkikMOR5X87K6tr6xmZuK7+9s7u3Xzg4rJs 41RxrPJaxbgbMoBQKayRIYjPRyKJAYiMY3kz9xiNqI2J1T6MEOxHrKxEKzshK9TYNkFi3UPTK3gzuMvEzUoQM1W7hu92LeRqhIi6ZMa1QKCZLflIiEaHpjFEap klwiZN8OzWYMD5kfWxZqtgsMTt94p5apeeGsbZPkTtTf0+MWWTMKApsMmI0MIveVPzPa6UUXnXGQiUpoeLzRWEqXYrdaQ9uT2jkJEeWMK6FvdXlA6YZJ9tW3j biL/5/mdTPy75X9u8uipXrrJscHMMJnIEPl1CBW6hCDTg8wDO8wKvz5Lw5787HPLriZDNH8AfO5w/poJSR</latexit><latexit sha1_base64="MwofkEtx/l7/dNizTxXQMfHyleE=">AAAB+nicb VDLSgNBEOz1GeMr6tHLYhA8hLArgnoLePEYwTwgCWF20puMmZ1dZnqFEPMPXvXoTbz6M578FSfJHjSxYKCoqqZ7KkikMOR5X87K6tr6xmZuK7+9s7u3Xzg4rJs 41RxrPJaxbgbMoBQKayRIYjPRyKJAYiMY3kz9xiNqI2J1T6MEOxHrKxEKzshK9TYNkFi3UPTK3gzuMvEzUoQM1W7hu92LeRqhIi6ZMa1QKCZLflIiEaHpjFEap klwiZN8OzWYMD5kfWxZqtgsMTt94p5apeeGsbZPkTtTf0+MWWTMKApsMmI0MIveVPzPa6UUXnXGQiUpoeLzRWEqXYrdaQ9uT2jkJEeWMK6FvdXlA6YZJ9tW3j biL/5/mdTPy75X9u8uipXrrJscHMMJnIEPl1CBW6hCDTg8wDO8wKvz5Lw5787HPLriZDNH8AfO5w/poJSR</latexit><latexit sha1_base64="MwofkEtx/l7/dNizTxXQMfHyleE=">AAAB+nicb VDLSgNBEOz1GeMr6tHLYhA8hLArgnoLePEYwTwgCWF20puMmZ1dZnqFEPMPXvXoTbz6M578FSfJHjSxYKCoqqZ7KkikMOR5X87K6tr6xmZuK7+9s7u3Xzg4rJs 41RxrPJaxbgbMoBQKayRIYjPRyKJAYiMY3kz9xiNqI2J1T6MEOxHrKxEKzshK9TYNkFi3UPTK3gzuMvEzUoQM1W7hu92LeRqhIi6ZMa1QKCZLflIiEaHpjFEap klwiZN8OzWYMD5kfWxZqtgsMTt94p5apeeGsbZPkTtTf0+MWWTMKApsMmI0MIveVPzPa6UUXnXGQiUpoeLzRWEqXYrdaQ9uT2jkJEeWMK6FvdXlA6YZJ9tW3j biL/5/mdTPy75X9u8uipXrrJscHMMJnIEPl1CBW6hCDTg8wDO8wKvz5Lw5787HPLriZDNH8AfO5w/poJSR</latexit>
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(a) (b)
FIG. 6: (a) Two dimensional representation of the polarization states
|H〉 (horizontal polarization) and |V 〉 (vertical polarization) of a sin-
gle photon. We also report the representation of the single photon
state with (linear) polarization at the angle θ . (b) The square of the
projections along the horizontal and the vertical axes correspond to
the probability of finding the photon with horizontal and vertical po-
larization, respectively.
have:
ζξ † = 〈H|V 〉= 0 , (13)
where we also used the orthonormality of the involved states.
If we now introduce the projectors:
ΠH = |H〉〈H|= P =
(
1 0
0 0
)
, (14)
where P is the same as in Eq. (7), and
ΠV = |V 〉〈V |= Q =
(
0 0
0 1
)
, (15)
given the state |θ〉, with (|θ〉)† = ϑ , we have:
pH = 〈ϑP,ϑP〉
= 〈θ |ΠH |θ〉= |〈H|θ〉|2 = cos2 θ , (16a)
pV = 〈ϑQ,ϑQ〉
= 〈θ |ΠV |θ〉= |〈V |θ〉|2 = sin2 θ , (16b)
where we used Π2J =ΠJ , with J ∈ {H,V}, and 〈a|b〉= 〈b|a〉.
The geometrical meaning of pH and pV is reported in Fig-
ure 6(b) whereas, from the physical point of view, they corre-
spond to the probability of finding the photon with horizontal
or vertical polarization, respectively.
In the context of the polarization of single photons, the
analogous of the unitary operator Um defined in Eq. (7) is
the operator R(pi/m) which corresponds to a rotator of po-
larization, which rotates the polarization of the photons by an
amount pi/m. We can write R(pi/m) = U†m. Thereafter, the
one-step evolution of the state |H〉= ζ † reads:
R(pi/m)|H〉= ζUm. (17)
B. Photonic quantum automaton
In Figure 7, we depicted the basic elements of the photonic
quantum automaton implementing the 1qfa A of Eq. (7) ac-
cepting the language Lm. Given the input word ak (see also
11
Figure 5), a single photon, generated in the state |H〉 is sent
through k rotators of polarization, where each rotator applies
a rotation of a fixed amount pi/m. It is worth noting that in
order to actually reproduce the computation of a 1qfa, a sin-
gle rotation should be applied step by step upon reading each
input symbol, since the input word length is not known in ad-
vance. After the rotators, the single photon is sent to a polar-
izing beam splitter (PBS), a device which transmits (reflects)
the horizontal (vertical) polarization component of the input
state. Since after the rotators the state of the photon is |θ〉,
given in Eq. (10), it is detected by the H or V detector (see
Figure 7) with the probabilities given in Eqs. (16). It is worth
noting that, as expected, pH(k) is equal to the automaton ac-
ceptance probability pA (ak), see Eq. (9). As mentioned in
input 
ak
0 (not accepted)
1 (acc pted)A
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source
k rotators of 
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detector 
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P<latexit sha1_base64="Ld3AnrRzD aJSXqW63rWrqWph6mE=">AAAB9XicbVC7SgNBFL0bXzG+opY2g0GwCGFXBLU L2FgmYB6QBJmd3E2GzM4uM7NKCPkCWy3txNbvsfJXnN1soYkHBg7nnMu9c/xY cG1c98sprK1vbG4Vt0s7u3v7B+XDo7aOEsWwxSIRqa5PNQousWW4EdiNFdLQ F9jxJ7ep33lEpXkk7800xkFIR5IHnFFjpWbjoVxxa24Gskq8nFQgh81/94cR S0KUhgmqdS/gkoqqF1cND1EPZig0VYYzgfNSP9EYUzahI+xZKmmWyK6ekzOrD EkQKfukIZn6e2JGQ62noW+TITVjveyl4n9eLzHB9WDGZZwYlGyxKEgEMRFJK yBDrpAZMbWEMsXtrYSNqaLM2KJKthFv+f+rpH1R89ya17ys1G/ybopwAqdwDh 5cQR3uoAEtYIDwDC/w6jw5b86787GIFpx85hj+wPn8AdNHkj0=</latexit><latexit sha1_base64="Ld3AnrRzD aJSXqW63rWrqWph6mE=">AAAB9XicbVC7SgNBFL0bXzG+opY2g0GwCGFXBLU L2FgmYB6QBJmd3E2GzM4uM7NKCPkCWy3txNbvsfJXnN1soYkHBg7nnMu9c/xY cG1c98sprK1vbG4Vt0s7u3v7B+XDo7aOEsWwxSIRqa5PNQousWW4EdiNFdLQ F9jxJ7ep33lEpXkk7800xkFIR5IHnFFjpWbjoVxxa24Gskq8nFQgh81/94cR S0KUhgmqdS/gkoqqF1cND1EPZig0VYYzgfNSP9EYUzahI+xZKmmWyK6ekzOrD EkQKfukIZn6e2JGQ62noW+TITVjveyl4n9eLzHB9WDGZZwYlGyxKEgEMRFJK yBDrpAZMbWEMsXtrYSNqaLM2KJKthFv+f+rpH1R89ya17ys1G/ybopwAqdwDh 5cQR3uoAEtYIDwDC/w6jw5b86787GIFpx85hj+wPn8AdNHkj0=</latexit><latexit sha1_base64="Ld3AnrRzD aJSXqW63rWrqWph6mE=">AAAB9XicbVC7SgNBFL0bXzG+opY2g0GwCGFXBLU L2FgmYB6QBJmd3E2GzM4uM7NKCPkCWy3txNbvsfJXnN1soYkHBg7nnMu9c/xY cG1c98sprK1vbG4Vt0s7u3v7B+XDo7aOEsWwxSIRqa5PNQousWW4EdiNFdLQ F9jxJ7ep33lEpXkk7800xkFIR5IHnFFjpWbjoVxxa24Gskq8nFQgh81/94cR S0KUhgmqdS/gkoqqF1cND1EPZig0VYYzgfNSP9EYUzahI+xZKmmWyK6ekzOrD EkQKfukIZn6e2JGQ62noW+TITVjveyl4n9eLzHB9WDGZZwYlGyxKEgEMRFJK yBDrpAZMbWEMsXtrYSNqaLM2KJKthFv+f+rpH1R89ya17ys1G/ybopwAqdwDh 5cQR3uoAEtYIDwDC/w6jw5b86787GIFpx85hj+wPn8AdNHkj0=</latexit><latexit sha1_base64="Ld3AnrRzD aJSXqW63rWrqWph6mE=">AAAB9XicbVC7SgNBFL0bXzG+opY2g0GwCGFXBLU L2FgmYB6QBJmd3E2GzM4uM7NKCPkCWy3txNbvsfJXnN1soYkHBg7nnMu9c/xY cG1c98sprK1vbG4Vt0s7u3v7B+XDo7aOEsWwxSIRqa5PNQousWW4EdiNFdLQ F9jxJ7ep33lEpXkk7800xkFIR5IHnFFjpWbjoVxxa24Gskq8nFQgh81/94cR S0KUhgmqdS/gkoqqF1cND1EPZig0VYYzgfNSP9EYUzahI+xZKmmWyK6ekzOrD EkQKfukIZn6e2JGQ62noW+TITVjveyl4n9eLzHB9WDGZZwYlGyxKEgEMRFJK yBDrpAZMbWEMsXtrYSNqaLM2KJKthFv+f+rpH1R89ya17ys1G/ybopwAqdwDh 5cQR3uoAEtYIDwDC/w6jw5b86787GIFpx85hj+wPn8AdNHkj0=</latexit>
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<latexit sha1_base64="o3gidygf1o4kFu9dQwUf KaU/Dw8=">AAACDHicbVDLSgMxFM34rPVVFdy4CRahQikzRVAXQsGNywr2AW0tmfROG5rJDMkdodT+gh/hVp fuxK3/4MpfMX0stPVA4HDOudzc48dSGHTdL2dpeWV1bT21kd7c2t7ZzeztV02UaA4VHslI131mQAoFFRQooR 5rYKEvoeb3r8d+7QG0EZG6w0EMrZB1lQgEZ2ilduYwbldz/VN6RZtGqPsibWIPkLUzWbfgTkAXiTcjWTJDu Z35bnYinoSgkEtmTCMQism8F+dRhGBaQ5CGaRRcwijdTAzEjPdZFxqWKjZJTI4Z0ROrdGgQafsU0on6e2LIQ mMGoW+TIcOemffG4n9eI8HgojUUKk4QFJ8uChJJMaLjZmhHaOAoB5YwroX9K+U9phlH21/aNuLN379IqsWC 5xa827Ns6XLWTYockWOSIx45JyVyQ8qkQjh5JM/khbw6T86b8+58TKNLzmzmgPyB8/kDU5CaFg==</latexi t><latexit sha1_base64="o3gidygf1o4kFu9dQwUf KaU/Dw8=">AAACDHicbVDLSgMxFM34rPVVFdy4CRahQikzRVAXQsGNywr2AW0tmfROG5rJDMkdodT+gh/hVp fuxK3/4MpfMX0stPVA4HDOudzc48dSGHTdL2dpeWV1bT21kd7c2t7ZzeztV02UaA4VHslI131mQAoFFRQooR 5rYKEvoeb3r8d+7QG0EZG6w0EMrZB1lQgEZ2ilduYwbldz/VN6RZtGqPsibWIPkLUzWbfgTkAXiTcjWTJDu Z35bnYinoSgkEtmTCMQism8F+dRhGBaQ5CGaRRcwijdTAzEjPdZFxqWKjZJTI4Z0ROrdGgQafsU0on6e2LIQ mMGoW+TIcOemffG4n9eI8HgojUUKk4QFJ8uChJJMaLjZmhHaOAoB5YwroX9K+U9phlH21/aNuLN379IqsWC 5xa827Ns6XLWTYockWOSIx45JyVyQ8qkQjh5JM/khbw6T86b8+58TKNLzmzmgPyB8/kDU5CaFg==</latexi t><latexit sha1_base64="o3gidygf1o4kFu9dQwUf KaU/Dw8=">AAACDHicbVDLSgMxFM34rPVVFdy4CRahQikzRVAXQsGNywr2AW0tmfROG5rJDMkdodT+gh/hVp fuxK3/4MpfMX0stPVA4HDOudzc48dSGHTdL2dpeWV1bT21kd7c2t7ZzeztV02UaA4VHslI131mQAoFFRQooR 5rYKEvoeb3r8d+7QG0EZG6w0EMrZB1lQgEZ2ilduYwbldz/VN6RZtGqPsibWIPkLUzWbfgTkAXiTcjWTJDu Z35bnYinoSgkEtmTCMQism8F+dRhGBaQ5CGaRRcwijdTAzEjPdZFxqWKjZJTI4Z0ROrdGgQafsU0on6e2LIQ mMGoW+TIcOemffG4n9eI8HgojUUKk4QFJ8uChJJMaLjZmhHaOAoB5YwroX9K+U9phlH21/aNuLN379IqsWC 5xa827Ns6XLWTYockWOSIx45JyVyQ8qkQjh5JM/khbw6T86b8+58TKNLzmzmgPyB8/kDU5CaFg==</latexi t><latexit sha1_base64="o3gidygf1o4kFu9dQwUf KaU/Dw8=">AAACDHicbVDLSgMxFM34rPVVFdy4CRahQikzRVAXQsGNywr2AW0tmfROG5rJDMkdodT+gh/hVp fuxK3/4MpfMX0stPVA4HDOudzc48dSGHTdL2dpeWV1bT21kd7c2t7ZzeztV02UaA4VHslI131mQAoFFRQooR 5rYKEvoeb3r8d+7QG0EZG6w0EMrZB1lQgEZ2ilduYwbldz/VN6RZtGqPsibWIPkLUzWbfgTkAXiTcjWTJDu Z35bnYinoSgkEtmTCMQism8F+dRhGBaQ5CGaRRcwijdTAzEjPdZFxqWKjZJTI4Z0ROrdGgQafsU0on6e2LIQ mMGoW+TIcOemffG4n9eI8HgojUUKk4QFJ8uChJJMaLjZmhHaOAoB5YwroX9K+U9phlH21/aNuLN379IqsWC 5xa827Ns6XLWTYockWOSIx45JyVyQ8qkQjh5JM/khbw6T86b8+58TKNLzmzmgPyB8/kDU5CaFg==</latexi t>
FIG. 7: Sketch of the photonic implementation of the 1qfaA accept-
ing the language Lm. Single photons are generated in the polarization
state |H〉, then they pass through k polarization rotators, k being the
length of the input word ak. Each rotator implements the operator
R(pi/m) rotating the polarization by the amount pi/m: the overall po-
larization rotation is θ = pik/m. Finally the photons are addressed
to two photodetectors by means of a polarizing beam splitters (PBS)
according to their horizontal (H) or vertical (V ) polarization.
Theorem 8, this kind of automaton accepts with certainty the
word ak if k modm = 0, but it has also a high error probability
to accept the word if k modm = 1. In fact, in this case, pH(k)
attains its maximum cos2(pi/m).
To reduce the error probability, one can send M = Nc(m)
copies of the same input word ak, collect the number Nc(k) of
counts at the detector H and evaluate the ratio:
fk =
Nc(k)
Nc(m)
M1−−−→ pH(k) . (18)
In this scenario, we let f1 = f(k modm)=1 be the highest fre-
quency less than f0 = f(k modm)=0 = 1. I.e., f1 is the high-
est frequency for words that are erroneously accepted (those
words ak for which k modm = 1), and f0 is the frequency of
those words that are correctly accepted (those words ak for
which k modm = 0). Thus, we can define the threshold fre-
quency:
fth =
f0+ f1
2
=
1+ f1
2
, (19)
and we use the following strategy:{
if fk > fth⇒ ak is accepted by A ,
if fk < fth⇒ ak is rejected.
(20)
It is clear that such a strategy leads to a zero error probability,
namely, all and only the words in Lm can have fk > fth. How-
ever, in a realistic scenario the number of detected photons
is subjected to Poisson statistical fluctuations, due to the very
nature of the detection process [67]. So, given the word ak,
the number of detected counts Nc(k) fluctuates according to a
Poisson distribution with mean µk = 〈Nc〉cos2(pik/m), where
〈Nc〉 is the average number of detected photons obtained for
k modm = 0. Thus, it is possible to have a detected frequency
f˜k = Nc(k)/〈Nc〉 which incorrectly satisfies
f˜k > f˜th = ( f˜0+ f˜1)/2 (resp., f˜k < f˜th = ( f˜0+ f˜1)/2)
also for a word ak not belonging (resp., belonging) to the lan-
guage Lm, leading to a non null experimental acceptance error
probability perr.
If we assume µ1 = 〈Nc〉cos2(pi/m) 1, the distribution of
the detected number of counts for k modm= 1 can be approxi-
mated by a Gaussian distribution function with mean and vari-
ance given by same value µ1. Analogously, for k modm = 0
we have a Gaussian distribution with mean and variance equal
to µ0 = 〈Nc〉. Now we can find a more suitable threshold Nth
of the detected counts by considering the intersection between
the two Gaussians, namely:
Nth = 〈Nc〉
∣∣cos(pi/m)∣∣√1− ln[cos2(pi/m)]〈Nc〉sin2(pi/m) . (21)
and the corresponding discrimination strategy reads:{
if Nc(k)≥ Nth⇒ ak is accepted by A ,
if Nc(k)< Nth⇒ ak is rejected.
(22)
The experimental error probability is thus given by (we con-
sider only the two relevant contributions):
perr =
∫ Nth
−∞
dx√
2piµ0
exp
[
− (x−µ0)
2
2µ0
]
+
∫ ∞
Nth
dx√
2piµ1
exp
[
− (x−µ1)
2
2µ1
]
, (23)
where 1 〈Nc〉cos2(pi/m) = µ1 < Nth < µ0 = 〈Nc〉. We note
that perr corresponds to the probability of accepting (resp., re-
jecting) the word ak whenever it should be rejected (resp., ac-
cepted). In Figure 8 we plot the error probability for different
values of m: as one may expect, the larger is m the grater
should be the average number of counts 〈Nc〉 in order to have
a small error probability.
V. EXPERIMENTAL RESULTS
The main elements of our physical implementation of the
1qfa A accepting the language Lm are sketched in Figure 7.
However, in order to reduce the losses and other sources of
noise, in the actual setup we replace the action of the k polar-
ization rotators on the input word ak by using a single rotator
applying an overall rotation of θ = pik/m, which “simulates”
the whole computation of the 1qfa: for this reason we will re-
fer to our system as a photonic quantum simulator [68] of the
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FIG. 8: Error probability (wrong acceptance probability) of the
1qfa A accepting the language Lm, for different values of m, as a
function of the average number of counts 〈Nc〉.
quantum automaton. As mentioned in the previous section,
an actual 1qfa does not have an a-priori knowledge about the
length k of the input word. In fact, it reads the input word
symbol by symbol while applying a rotation pi/m per each
scanned input symbol a. Practically, this can be implemented,
for instance, by a motorized rotator of polarization, but this
is beyond the scope of the present work. Nevertheless, it is
worth noting that a more advanced technology, e.g., based on
integrated optics or optoelectronics, can be used to realize the
very setup of Figure 7.
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FIG. 9: Schematic diagram of the experimental setup. A 405-nm cw
laser diode (L) generates a pump beam which passes through an am-
plitude modulator, composed by a half-wave plate (λ/2) and a polar-
izing beamsplitter cube (PBS), and through another half-wave plate
to set the polarization. The beam interacts with a 1-mm long BBO
crystal generating photons at 810 nm via PDC. The two beams indi-
viduated by the horizontal plane are called signal and idler: on the
signal’s branch there are two polarizers (P) separated by a half-wave
plate. Photons are finally focused into two multimode fibers through
two couplers (C), and sent to homemade single-photon counting
modules.
The experimental setup is shown in Figure 9.
1. The pump derives from a 405-nm cw InGaN laser
diode, which we chose in order to use detectors in Sili-
con, namely the ones with the lowest noise on the mar-
ket: indeed, these work with maximum quantum ef-
ficiency at 810 nm, which is the same wavelength of
the photons generated via parametric down conversion
(PDC) from a 405-nm pump.
2. The laser beam passes through an amplitude modulator
composed by a half-wave plate and a polarizing beam-
splitter cube (PBS), and then through another half-wave
plate to set the polarization vertical with respect to the
optical bench.
3. The interaction between the pump and a 1-mm long
BBO crystal generates photons at 810 nm with horizon-
tal polarization, along the surface of a cone, via type-I-
eoo PDC: to this purpose the optical axis of the crystal
lies on the vertical plane at the phase-matching angle.
4. The intersection of the cone with the horizontal plane
individuates two beams (branches): the signal and the
idler. It is possible to finely tune the angle of the out-
going photons by properly rotating the principal axis of
the BBO.
5. Along the signal branch, a polarizer ensures the trans-
mission of the horizontally polarized photons, then a
half-wave plate is used to simulate the k polarization ro-
tators and finally another horizontal polarizer transmits
the photons to the detector. This last half-wave plate
can be manually rotated and is equipped with gradu-
ations where a unit corresponds to 4◦ in polarization:
by considering the working principle of the half-wave
plate, this can be obtained by actually rotating the plate
by 2◦. Therefore, in general, in order to obtain a rota-
tion in polarization of amount θ , one should rotate the
plate by θ/2.
6. On each branch, photons are finally focused into a mul-
timode fiber and sent to a homemade single-photon
counting module, based on an avalanche photodiode op-
erated in Geiger mode with passive quenching [69]. We
chose to measure the coincidence counts in order to ob-
tain a better signal-noise ratio: indeed the photodiodes
produce a thermal background such that approximately
the 1% of the direct counts are dark counts, while the
coincidence dark counts are only the 0.001% of the co-
incidence counts.
In Figure 10, we show typical experimental results from our
photonic simulator of the 1qfa A for the language Lm, with
m = 5 (this choice allows us to put better in evidence the role
of the statistical fluctuations of the detected number of pho-
tons). In this case, a single rotation of polarization (taking
place, e.g., on the input word of length k = 1) has θ = 36◦,
which corresponds to rotating by 9 units the half-wave plate
on signal’s branch (see point (5) in the above description of
our experimental setup).
Here we only show the interesting results for input words ak
of length k = 5 and k = 1. Such two inputs, respectively rep-
resenting a word in L5 and one of the most-prone-to-error-
classification words not in L5, turn out to be critical for test-
ing the accuracy of the discrimination strategy we use. Fur-
thermore, in order to highlight the reduction of the statistical
fluctuations, we plot the ratio Nc(k)/〈Nc〉. Each point corre-
sponds to the number of counts at the detector H when the av-
erage total number of counts is 〈Nc〉= 36,108,479 and 1845,
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hNci = 36 ± 6
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<latexit sha1_base64="wDQazspB7 gJqbUNSvr3GR2GvUyo=">AAACFHicbVDLSsNAFJ3UV62vqEtBBovgopREBLsR Cm5cSQX7gKaEyfSmHTqZhJmJUEp3foMf4VaX7sSte1f+itM0C209MHA451zu3 BMknCntOF9WYWV1bX2juFna2t7Z3bP3D1oqTiWFJo15LDsBUcCZgKZmmkMnkU CigEM7GF3P/PYDSMVica/HCfQiMhAsZJRoI/n2sceJGHDAtz715JxeYdepYS +JcM23y07VyYCXiZuTMsrR8O1vrx/TNAKhKSdKdUMmCK+4SUWzCFRvAlwRqRn lMC15qYKE0BEZQNdQQbJEdtQUnxqlj8NYmic0ztTfExMSKTWOApOMiB6qRW8m /ud1Ux3WehMmklSDoPNFYcqxjvGsIdxnEqjmY0MIlcz8FdMhkYRq02PJNOIu3 r9MWudV16m6dxflupN3U0RH6ASdIRddojq6QQ3URBQ9omf0gl6tJ+vNerc+5t GClc8coj+wPn8ApmWc0g==</latexit><latexit sha1_base64="wDQazspB7 gJqbUNSvr3GR2GvUyo=">AAACFHicbVDLSsNAFJ3UV62vqEtBBovgopREBLsR Cm5cSQX7gKaEyfSmHTqZhJmJUEp3foMf4VaX7sSte1f+itM0C209MHA451zu3 BMknCntOF9WYWV1bX2juFna2t7Z3bP3D1oqTiWFJo15LDsBUcCZgKZmmkMnkU CigEM7GF3P/PYDSMVica/HCfQiMhAsZJRoI/n2sceJGHDAtz715JxeYdepYS +JcM23y07VyYCXiZuTMsrR8O1vrx/TNAKhKSdKdUMmCK+4SUWzCFRvAlwRqRn lMC15qYKE0BEZQNdQQbJEdtQUnxqlj8NYmic0ztTfExMSKTWOApOMiB6qRW8m /ud1Ux3WehMmklSDoPNFYcqxjvGsIdxnEqjmY0MIlcz8FdMhkYRq02PJNOIu3 r9MWudV16m6dxflupN3U0RH6ASdIRddojq6QQ3URBQ9omf0gl6tJ+vNerc+5t GClc8coj+wPn8ApmWc0g==</latexit><latexit sha1_base64="wDQazspB7 gJqbUNSvr3GR2GvUyo=">AAACFHicbVDLSsNAFJ3UV62vqEtBBovgopREBLsR Cm5cSQX7gKaEyfSmHTqZhJmJUEp3foMf4VaX7sSte1f+itM0C209MHA451zu3 BMknCntOF9WYWV1bX2juFna2t7Z3bP3D1oqTiWFJo15LDsBUcCZgKZmmkMnkU CigEM7GF3P/PYDSMVica/HCfQiMhAsZJRoI/n2sceJGHDAtz715JxeYdepYS +JcM23y07VyYCXiZuTMsrR8O1vrx/TNAKhKSdKdUMmCK+4SUWzCFRvAlwRqRn lMC15qYKE0BEZQNdQQbJEdtQUnxqlj8NYmic0ztTfExMSKTWOApOMiB6qRW8m /ud1Ux3WehMmklSDoPNFYcqxjvGsIdxnEqjmY0MIlcz8FdMhkYRq02PJNOIu3 r9MWudV16m6dxflupN3U0RH6ASdIRddojq6QQ3URBQ9omf0gl6tJ+vNerc+5t GClc8coj+wPn8ApmWc0g==</latexit><latexit sha1_base64="wDQazspB7 gJqbUNSvr3GR2GvUyo=">AAACFHicbVDLSsNAFJ3UV62vqEtBBovgopREBLsR Cm5cSQX7gKaEyfSmHTqZhJmJUEp3foMf4VaX7sSte1f+itM0C209MHA451zu3 BMknCntOF9WYWV1bX2juFna2t7Z3bP3D1oqTiWFJo15LDsBUcCZgKZmmkMnkU CigEM7GF3P/PYDSMVica/HCfQiMhAsZJRoI/n2sceJGHDAtz715JxeYdepYS +JcM23y07VyYCXiZuTMsrR8O1vrx/TNAKhKSdKdUMmCK+4SUWzCFRvAlwRqRn lMC15qYKE0BEZQNdQQbJEdtQUnxqlj8NYmic0ztTfExMSKTWOApOMiB6qRW8m /ud1Ux3WehMmklSDoPNFYcqxjvGsIdxnEqjmY0MIlcz8FdMhkYRq02PJNOIu3 r9MWudV16m6dxflupN3U0RH6ASdIRddojq6QQ3URBQ9omf0gl6tJ+vNerc+5t GClc8coj+wPn8ApmWc0g==</latexit>
k = 1
<latexit sha1_base64="3PACeSya WaPxO+ammxmxEzuj03A=">AAAB+XicbVBNS8NAFHzxs9avqkcvi0XwUEoigl 6EghePFUxbaEvZbF/apZtN2N0IJfQ3eNWjN/Hqr/HkX3Gb5qCtAwvDzDze2w kSwbVx3S9nbX1jc2u7tFPe3ds/OKwcHbd0nCqGPotFrDoB1Si4RN9wI7CTKK RRILAdTO7mfvsJleaxfDTTBPsRHUkeckaNlfwJuSXeoFJ1624Oskq8glShQH NQ+e4NY5ZGKA0TVOtuyCUVNS+pGR6h7mcoNFWGM4Gzci/VmFA2oSPsWippns gvn5FzqwxJGCv7pCG5+nsio5HW0yiwyYiasV725uJ/Xjc14U0/4zJJDUq2WB SmgpiYzGsgQ66QGTG1hDLF7a2EjamizNiyyrYRb/n/q6R1WffcuvdwVW24R TclOIUzuAAPrqEB99AEHxhweIYXeHUy5815dz4W0TWnmDmBP3A+fwCh/5Ml< /latexit><latexit sha1_base64="3PACeSya WaPxO+ammxmxEzuj03A=">AAAB+XicbVBNS8NAFHzxs9avqkcvi0XwUEoigl 6EghePFUxbaEvZbF/apZtN2N0IJfQ3eNWjN/Hqr/HkX3Gb5qCtAwvDzDze2w kSwbVx3S9nbX1jc2u7tFPe3ds/OKwcHbd0nCqGPotFrDoB1Si4RN9wI7CTKK RRILAdTO7mfvsJleaxfDTTBPsRHUkeckaNlfwJuSXeoFJ1624Oskq8glShQH NQ+e4NY5ZGKA0TVOtuyCUVNS+pGR6h7mcoNFWGM4Gzci/VmFA2oSPsWippns gvn5FzqwxJGCv7pCG5+nsio5HW0yiwyYiasV725uJ/Xjc14U0/4zJJDUq2WB SmgpiYzGsgQ66QGTG1hDLF7a2EjamizNiyyrYRb/n/q6R1WffcuvdwVW24R TclOIUzuAAPrqEB99AEHxhweIYXeHUy5815dz4W0TWnmDmBP3A+fwCh/5Ml< /latexit><latexit sha1_base64="3PACeSya WaPxO+ammxmxEzuj03A=">AAAB+XicbVBNS8NAFHzxs9avqkcvi0XwUEoigl 6EghePFUxbaEvZbF/apZtN2N0IJfQ3eNWjN/Hqr/HkX3Gb5qCtAwvDzDze2w kSwbVx3S9nbX1jc2u7tFPe3ds/OKwcHbd0nCqGPotFrDoB1Si4RN9wI7CTKK RRILAdTO7mfvsJleaxfDTTBPsRHUkeckaNlfwJuSXeoFJ1624Oskq8glShQH NQ+e4NY5ZGKA0TVOtuyCUVNS+pGR6h7mcoNFWGM4Gzci/VmFA2oSPsWippns gvn5FzqwxJGCv7pCG5+nsio5HW0yiwyYiasV725uJ/Xjc14U0/4zJJDUq2WB SmgpiYzGsgQ66QGTG1hDLF7a2EjamizNiyyrYRb/n/q6R1WffcuvdwVW24R TclOIUzuAAPrqEB99AEHxhweIYXeHUy5815dz4W0TWnmDmBP3A+fwCh/5Ml< /latexit><latexit sha1_base64="3PACeSya WaPxO+ammxmxEzuj03A=">AAAB+XicbVBNS8NAFHzxs9avqkcvi0XwUEoigl 6EghePFUxbaEvZbF/apZtN2N0IJfQ3eNWjN/Hqr/HkX3Gb5qCtAwvDzDze2w kSwbVx3S9nbX1jc2u7tFPe3ds/OKwcHbd0nCqGPotFrDoB1Si4RN9wI7CTKK RRILAdTO7mfvsJleaxfDTTBPsRHUkeckaNlfwJuSXeoFJ1624Oskq8glShQH NQ+e4NY5ZGKA0TVOtuyCUVNS+pGR6h7mcoNFWGM4Gzci/VmFA2oSPsWippns gvn5FzqwxJGCv7pCG5+nsio5HW0yiwyYiasV725uJ/Xjc14U0/4zJJDUq2WB SmgpiYzGsgQ66QGTG1hDLF7a2EjamizNiyyrYRb/n/q6R1WffcuvdwVW24R TclOIUzuAAPrqEB99AEHxhweIYXeHUy5815dz4W0TWnmDmBP3A+fwCh/5Ml< /latexit>
k = m = 5
<latexit sha1_b ase64="olZe8/S4CcMrivHMdjCi1y/ +0NI=">AAAB/XicbVDLSgMxFL1TX7W +qi7dBIvgopQZUXQjFNy4rGAf0paSS e+0oUlmSDJCKcWPcKtLd+LWb3Hlr5g +Ftp64MLhnHPJzQkTwY31/S8vs7K6t r6R3cxtbe/s7uX3D2omTjXDKotFrBs hNSi4wqrlVmAj0UhlKLAeDm4mfv0Rt eGxurfDBNuS9hSPOKPWSQ8Dck2km4t OvuCX/CnIMgnmpABzVDr571Y3ZqlEZ ZmgxjQjrqgoBknRcommPUJhqLacCRz nWqnBhLIB7WHTUUWnien1Y3LilC6JY u1GWTJVf2+MqDRmKEOXlNT2zaI3Ef/ zmqmNrtojrpLUomKzh6JUEBuTSRWk yzUyK4aOUKa5u5WwPtWUWVdYzjUSLP 5/mdTOSoFfCu7OC2V/3k0WjuAYTiGA SyjDLVSgCgwkPMMLvHpP3pv37n3Moh lvvnMIf+B9/gCxKZQ7</latexit><latexit sha1_b ase64="olZe8/S4CcMrivHMdjCi1y/ +0NI=">AAAB/XicbVDLSgMxFL1TX7W +qi7dBIvgopQZUXQjFNy4rGAf0paSS e+0oUlmSDJCKcWPcKtLd+LWb3Hlr5g +Ftp64MLhnHPJzQkTwY31/S8vs7K6t r6R3cxtbe/s7uX3D2omTjXDKotFrBs hNSi4wqrlVmAj0UhlKLAeDm4mfv0Rt eGxurfDBNuS9hSPOKPWSQ8Dck2km4t OvuCX/CnIMgnmpABzVDr571Y3ZqlEZ ZmgxjQjrqgoBknRcommPUJhqLacCRz nWqnBhLIB7WHTUUWnien1Y3LilC6JY u1GWTJVf2+MqDRmKEOXlNT2zaI3Ef/ zmqmNrtojrpLUomKzh6JUEBuTSRWk yzUyK4aOUKa5u5WwPtWUWVdYzjUSLP 5/mdTOSoFfCu7OC2V/3k0WjuAYTiGA SyjDLVSgCgwkPMMLvHpP3pv37n3Moh lvvnMIf+B9/gCxKZQ7</latexit><latexit sha1_b ase64="olZe8/S4CcMrivHMdjCi1y/ +0NI=">AAAB/XicbVDLSgMxFL1TX7W +qi7dBIvgopQZUXQjFNy4rGAf0paSS e+0oUlmSDJCKcWPcKtLd+LWb3Hlr5g +Ftp64MLhnHPJzQkTwY31/S8vs7K6t r6R3cxtbe/s7uX3D2omTjXDKotFrBs hNSi4wqrlVmAj0UhlKLAeDm4mfv0Rt eGxurfDBNuS9hSPOKPWSQ8Dck2km4t OvuCX/CnIMgnmpABzVDr571Y3ZqlEZ ZmgxjQjrqgoBknRcommPUJhqLacCRz nWqnBhLIB7WHTUUWnien1Y3LilC6JY u1GWTJVf2+MqDRmKEOXlNT2zaI3Ef/ zmqmNrtojrpLUomKzh6JUEBuTSRWk yzUyK4aOUKa5u5WwPtWUWVdYzjUSLP 5/mdTOSoFfCu7OC2V/3k0WjuAYTiGA SyjDLVSgCgwkPMMLvHpP3pv37n3Moh lvvnMIf+B9/gCxKZQ7</latexit><latexit sha1_b ase64="olZe8/S4CcMrivHMdjCi1y/ +0NI=">AAAB/XicbVDLSgMxFL1TX7W +qi7dBIvgopQZUXQjFNy4rGAf0paSS e+0oUlmSDJCKcWPcKtLd+LWb3Hlr5g +Ftp64MLhnHPJzQkTwY31/S8vs7K6t r6R3cxtbe/s7uX3D2omTjXDKotFrBs hNSi4wqrlVmAj0UhlKLAeDm4mfv0Rt eGxurfDBNuS9hSPOKPWSQ8Dck2km4t OvuCX/CnIMgnmpABzVDr571Y3ZqlEZ ZmgxjQjrqgoBknRcommPUJhqLacCRz nWqnBhLIB7WHTUUWnien1Y3LilC6JY u1GWTJVf2+MqDRmKEOXlNT2zaI3Ef/ zmqmNrtojrpLUomKzh6JUEBuTSRWk yzUyK4aOUKa5u5WwPtWUWVdYzjUSLP 5/mdTOSoFfCu7OC2V/3k0WjuAYTiGA SyjDLVSgCgwkPMMLvHpP3pv37n3Moh lvvnMIf+B9/gCxKZQ7</latexit>
k = 1
<latexit sha1_base64="3PACeSya WaPxO+ammxmxEzuj03A=">AAAB+XicbVBNS8NAFHzxs9avqkcvi0XwUEoigl 6EghePFUxbaEvZbF/apZtN2N0IJfQ3eNWjN/Hqr/HkX3Gb5qCtAwvDzDze2w kSwbVx3S9nbX1jc2u7tFPe3ds/OKwcHbd0nCqGPotFrDoB1Si4RN9wI7CTKK RRILAdTO7mfvsJleaxfDTTBPsRHUkeckaNlfwJuSXeoFJ1624Oskq8glShQH NQ+e4NY5ZGKA0TVOtuyCUVNS+pGR6h7mcoNFWGM4Gzci/VmFA2oSPsWippns gvn5FzqwxJGCv7pCG5+nsio5HW0yiwyYiasV725uJ/Xjc14U0/4zJJDUq2WB SmgpiYzGsgQ66QGTG1hDLF7a2EjamizNiyyrYRb/n/q6R1WffcuvdwVW24R TclOIUzuAAPrqEB99AEHxhweIYXeHUy5815dz4W0TWnmDmBP3A+fwCh/5Ml< /latexit><latexit sha1_base64="3PACeSya WaPxO+ammxmxEzuj03A=">AAAB+XicbVBNS8NAFHzxs9avqkcvi0XwUEoigl 6EghePFUxbaEvZbF/apZtN2N0IJfQ3eNWjN/Hqr/HkX3Gb5qCtAwvDzDze2w kSwbVx3S9nbX1jc2u7tFPe3ds/OKwcHbd0nCqGPotFrDoB1Si4RN9wI7CTKK RRILAdTO7mfvsJleaxfDTTBPsRHUkeckaNlfwJuSXeoFJ1624Oskq8glShQH NQ+e4NY5ZGKA0TVOtuyCUVNS+pGR6h7mcoNFWGM4Gzci/VmFA2oSPsWippns gvn5FzqwxJGCv7pCG5+nsio5HW0yiwyYiasV725uJ/Xjc14U0/4zJJDUq2WB SmgpiYzGsgQ66QGTG1hDLF7a2EjamizNiyyrYRb/n/q6R1WffcuvdwVW24R TclOIUzuAAPrqEB99AEHxhweIYXeHUy5815dz4W0TWnmDmBP3A+fwCh/5Ml< /latexit><latexit sha1_base64="3PACeSya WaPxO+ammxmxEzuj03A=">AAAB+XicbVBNS8NAFHzxs9avqkcvi0XwUEoigl 6EghePFUxbaEvZbF/apZtN2N0IJfQ3eNWjN/Hqr/HkX3Gb5qCtAwvDzDze2w kSwbVx3S9nbX1jc2u7tFPe3ds/OKwcHbd0nCqGPotFrDoB1Si4RN9wI7CTKK RRILAdTO7mfvsJleaxfDTTBPsRHUkeckaNlfwJuSXeoFJ1624Oskq8glShQH NQ+e4NY5ZGKA0TVOtuyCUVNS+pGR6h7mcoNFWGM4Gzci/VmFA2oSPsWippns gvn5FzqwxJGCv7pCG5+nsio5HW0yiwyYiasV725uJ/Xjc14U0/4zJJDUq2WB SmgpiYzGsgQ66QGTG1hDLF7a2EjamizNiyyrYRb/n/q6R1WffcuvdwVW24R TclOIUzuAAPrqEB99AEHxhweIYXeHUy5815dz4W0TWnmDmBP3A+fwCh/5Ml< /latexit><latexit sha1_base64="3PACeSya WaPxO+ammxmxEzuj03A=">AAAB+XicbVBNS8NAFHzxs9avqkcvi0XwUEoigl 6EghePFUxbaEvZbF/apZtN2N0IJfQ3eNWjN/Hqr/HkX3Gb5qCtAwvDzDze2w kSwbVx3S9nbX1jc2u7tFPe3ds/OKwcHbd0nCqGPotFrDoB1Si4RN9wI7CTKK RRILAdTO7mfvsJleaxfDTTBPsRHUkeckaNlfwJuSXeoFJ1624Oskq8glShQH NQ+e4NY5ZGKA0TVOtuyCUVNS+pGR6h7mcoNFWGM4Gzci/VmFA2oSPsWippns gvn5FzqwxJGCv7pCG5+nsio5HW0yiwyYiasV725uJ/Xjc14U0/4zJJDUq2WB SmgpiYzGsgQ66QGTG1hDLF7a2EjamizNiyyrYRb/n/q6R1WffcuvdwVW24R TclOIUzuAAPrqEB99AEHxhweIYXeHUy5815dz4W0TWnmDmBP3A+fwCh/5Ml< /latexit>
k = m = 5
<latexit sha1_b ase64="olZe8/S4CcMrivHMdjCi1y/ +0NI=">AAAB/XicbVDLSgMxFL1TX7W +qi7dBIvgopQZUXQjFNy4rGAf0paSS e+0oUlmSDJCKcWPcKtLd+LWb3Hlr5g +Ftp64MLhnHPJzQkTwY31/S8vs7K6t r6R3cxtbe/s7uX3D2omTjXDKotFrBs hNSi4wqrlVmAj0UhlKLAeDm4mfv0Rt eGxurfDBNuS9hSPOKPWSQ8Dck2km4t OvuCX/CnIMgnmpABzVDr571Y3ZqlEZ ZmgxjQjrqgoBknRcommPUJhqLacCRz nWqnBhLIB7WHTUUWnien1Y3LilC6JY u1GWTJVf2+MqDRmKEOXlNT2zaI3Ef/ zmqmNrtojrpLUomKzh6JUEBuTSRWk yzUyK4aOUKa5u5WwPtWUWVdYzjUSLP 5/mdTOSoFfCu7OC2V/3k0WjuAYTiGA SyjDLVSgCgwkPMMLvHpP3pv37n3Moh lvvnMIf+B9/gCxKZQ7</latexit><latexit sha1_b ase64="olZe8/S4CcMrivHMdjCi1y/ +0NI=">AAAB/XicbVDLSgMxFL1TX7W +qi7dBIvgopQZUXQjFNy4rGAf0paSS e+0oUlmSDJCKcWPcKtLd+LWb3Hlr5g +Ftp64MLhnHPJzQkTwY31/S8vs7K6t r6R3cxtbe/s7uX3D2omTjXDKotFrBs hNSi4wqrlVmAj0UhlKLAeDm4mfv0Rt eGxurfDBNuS9hSPOKPWSQ8Dck2km4t OvuCX/CnIMgnmpABzVDr571Y3ZqlEZ ZmgxjQjrqgoBknRcommPUJhqLacCRz nWqnBhLIB7WHTUUWnien1Y3LilC6JY u1GWTJVf2+MqDRmKEOXlNT2zaI3Ef/ zmqmNrtojrpLUomKzh6JUEBuTSRWk yzUyK4aOUKa5u5WwPtWUWVdYzjUSLP 5/mdTOSoFfCu7OC2V/3k0WjuAYTiGA SyjDLVSgCgwkPMMLvHpP3pv37n3Moh lvvnMIf+B9/gCxKZQ7</latexit><latexit sha1_b ase64="olZe8/S4CcMrivHMdjCi1y/ +0NI=">AAAB/XicbVDLSgMxFL1TX7W +qi7dBIvgopQZUXQjFNy4rGAf0paSS e+0oUlmSDJCKcWPcKtLd+LWb3Hlr5g +Ftp64MLhnHPJzQkTwY31/S8vs7K6t r6R3cxtbe/s7uX3D2omTjXDKotFrBs hNSi4wqrlVmAj0UhlKLAeDm4mfv0Rt eGxurfDBNuS9hSPOKPWSQ8Dck2km4t OvuCX/CnIMgnmpABzVDr571Y3ZqlEZ ZmgxjQjrqgoBknRcommPUJhqLacCRz nWqnBhLIB7WHTUUWnien1Y3LilC6JY u1GWTJVf2+MqDRmKEOXlNT2zaI3Ef/ zmqmNrtojrpLUomKzh6JUEBuTSRWk yzUyK4aOUKa5u5WwPtWUWVdYzjUSLP 5/mdTOSoFfCu7OC2V/3k0WjuAYTiGA SyjDLVSgCgwkPMMLvHpP3pv37n3Moh lvvnMIf+B9/gCxKZQ7</latexit><latexit sha1_b ase64="olZe8/S4CcMrivHMdjCi1y/ +0NI=">AAAB/XicbVDLSgMxFL1TX7W +qi7dBIvgopQZUXQjFNy4rGAf0paSS e+0oUlmSDJCKcWPcKtLd+LWb3Hlr5g +Ftp64MLhnHPJzQkTwY31/S8vs7K6t r6R3cxtbe/s7uX3D2omTjXDKotFrBs hNSi4wqrlVmAj0UhlKLAeDm4mfv0Rt eGxurfDBNuS9hSPOKPWSQ8Dck2km4t OvuCX/CnIMgnmpABzVDr571Y3ZqlEZ ZmgxjQjrqgoBknRcommPUJhqLacCRz nWqnBhLIB7WHTUUWnien1Y3LilC6JY u1GWTJVf2+MqDRmKEOXlNT2zaI3Ef/ zmqmNrtojrpLUomKzh6JUEBuTSRWk yzUyK4aOUKa5u5WwPtWUWVdYzjUSLP 5/mdTOSoFfCu7OC2V/3k0WjuAYTiGA SyjDLVSgCgwkPMMLvHpP3pv37n3Moh lvvnMIf+B9/gCxKZQ7</latexit>
k = 1
<latexit sha1_base64="3PACeSya WaPxO+ammxmxEzuj03A=">AAAB+XicbVBNS8NAFHzxs9avqkcvi0XwUEoigl 6EghePFUxbaEvZbF/apZtN2N0IJfQ3eNWjN/Hqr/HkX3Gb5qCtAwvDzDze2w kSwbVx3S9nbX1jc2u7tFPe3ds/OKwcHbd0nCqGPotFrDoB1Si4RN9wI7CTKK RRILAdTO7mfvsJleaxfDTTBPsRHUkeckaNlfwJuSXeoFJ1624Oskq8glShQH NQ+e4NY5ZGKA0TVOtuyCUVNS+pGR6h7mcoNFWGM4Gzci/VmFA2oSPsWippns gvn5FzqwxJGCv7pCG5+nsio5HW0yiwyYiasV725uJ/Xjc14U0/4zJJDUq2WB SmgpiYzGsgQ66QGTG1hDLF7a2EjamizNiyyrYRb/n/q6R1WffcuvdwVW24R TclOIUzuAAPrqEB99AEHxhweIYXeHUy5815dz4W0TWnmDmBP3A+fwCh/5Ml< /latexit><latexit sha1_base64="3PACeSya WaPxO+ammxmxEzuj03A=">AAAB+XicbVBNS8NAFHzxs9avqkcvi0XwUEoigl 6EghePFUxbaEvZbF/apZtN2N0IJfQ3eNWjN/Hqr/HkX3Gb5qCtAwvDzDze2w kSwbVx3S9nbX1jc2u7tFPe3ds/OKwcHbd0nCqGPotFrDoB1Si4RN9wI7CTKK RRILAdTO7mfvsJleaxfDTTBPsRHUkeckaNlfwJuSXeoFJ1624Oskq8glShQH NQ+e4NY5ZGKA0TVOtuyCUVNS+pGR6h7mcoNFWGM4Gzci/VmFA2oSPsWippns gvn5FzqwxJGCv7pCG5+nsio5HW0yiwyYiasV725uJ/Xjc14U0/4zJJDUq2WB SmgpiYzGsgQ66QGTG1hDLF7a2EjamizNiyyrYRb/n/q6R1WffcuvdwVW24R TclOIUzuAAPrqEB99AEHxhweIYXeHUy5815dz4W0TWnmDmBP3A+fwCh/5Ml< /latexit><latexit sha1_base64="3PACeSya WaPxO+ammxmxEzuj03A=">AAAB+XicbVBNS8NAFHzxs9avqkcvi0XwUEoigl 6EghePFUxbaEvZbF/apZtN2N0IJfQ3eNWjN/Hqr/HkX3Gb5qCtAwvDzDze2w kSwbVx3S9nbX1jc2u7tFPe3ds/OKwcHbd0nCqGPotFrDoB1Si4RN9wI7CTKK RRILAdTO7mfvsJleaxfDTTBPsRHUkeckaNlfwJuSXeoFJ1624Oskq8glShQH NQ+e4NY5ZGKA0TVOtuyCUVNS+pGR6h7mcoNFWGM4Gzci/VmFA2oSPsWippns gvn5FzqwxJGCv7pCG5+nsio5HW0yiwyYiasV725uJ/Xjc14U0/4zJJDUq2WB SmgpiYzGsgQ66QGTG1hDLF7a2EjamizNiyyrYRb/n/q6R1WffcuvdwVW24R TclOIUzuAAPrqEB99AEHxhweIYXeHUy5815dz4W0TWnmDmBP3A+fwCh/5Ml< /latexit><latexit sha1_base64="3PACeSya WaPxO+ammxmxEzuj03A=">AAAB+XicbVBNS8NAFHzxs9avqkcvi0XwUEoigl 6EghePFUxbaEvZbF/apZtN2N0IJfQ3eNWjN/Hqr/HkX3Gb5qCtAwvDzDze2w kSwbVx3S9nbX1jc2u7tFPe3ds/OKwcHbd0nCqGPotFrDoB1Si4RN9wI7CTKK RRILAdTO7mfvsJleaxfDTTBPsRHUkeckaNlfwJuSXeoFJ1624Oskq8glShQH NQ+e4NY5ZGKA0TVOtuyCUVNS+pGR6h7mcoNFWGM4Gzci/VmFA2oSPsWippns gvn5FzqwxJGCv7pCG5+nsio5HW0yiwyYiasV725uJ/Xjc14U0/4zJJDUq2WB SmgpiYzGsgQ66QGTG1hDLF7a2EjamizNiyyrYRb/n/q6R1WffcuvdwVW24R TclOIUzuAAPrqEB99AEHxhweIYXeHUy5815dz4W0TWnmDmBP3A+fwCh/5Ml< /latexit>
k = m = 5
<latexit sha1_base64="olZe8/S4 CcMrivHMdjCi1y/+0NI=">AAAB/XicbVDLSgMxFL1TX7W+qi7dBIvgopQZUX QjFNy4rGAf0paSSe+0oUlmSDJCKcWPcKtLd+LWb3Hlr5g+Ftp64MLhnHPJzQ kTwY31/S8vs7K6tr6R3cxtbe/s7uX3D2omTjXDKotFrBshNSi4wqrlVmAj0U hlKLAeDm4mfv0RteGxurfDBNuS9hSPOKPWSQ8Dck2km4tOvuCX/CnIMgnmpA BzVDr571Y3ZqlEZZmgxjQjrqgoBknRcommPUJhqLacCRznWqnBhLIB7WHTUU Wnien1Y3LilC6JYu1GWTJVf2+MqDRmKEOXlNT2zaI3Ef/zmqmNrtojrpLUom Kzh6JUEBuTSRWkyzUyK4aOUKa5u5WwPtWUWVdYzjUSLP5/mdTOSoFfCu7OC 2V/3k0WjuAYTiGASyjDLVSgCgwkPMMLvHpP3pv37n3MohlvvnMIf+B9/gCxK ZQ7</latexit><latexit sha1_base64="olZe8/S4 CcMrivHMdjCi1y/+0NI=">AAAB/XicbVDLSgMxFL1TX7W+qi7dBIvgopQZUX QjFNy4rGAf0paSSe+0oUlmSDJCKcWPcKtLd+LWb3Hlr5g+Ftp64MLhnHPJzQ kTwY31/S8vs7K6tr6R3cxtbe/s7uX3D2omTjXDKotFrBshNSi4wqrlVmAj0U hlKLAeDm4mfv0RteGxurfDBNuS9hSPOKPWSQ8Dck2km4tOvuCX/CnIMgnmpA BzVDr571Y3ZqlEZZmgxjQjrqgoBknRcommPUJhqLacCRznWqnBhLIB7WHTUU Wnien1Y3LilC6JYu1GWTJVf2+MqDRmKEOXlNT2zaI3Ef/zmqmNrtojrpLUom Kzh6JUEBuTSRWkyzUyK4aOUKa5u5WwPtWUWVdYzjUSLP5/mdTOSoFfCu7OC 2V/3k0WjuAYTiGASyjDLVSgCgwkPMMLvHpP3pv37n3MohlvvnMIf+B9/gCxK ZQ7</latexit><latexit sha1_base64="olZe8/S4 CcMrivHMdjCi1y/+0NI=">AAAB/XicbVDLSgMxFL1TX7W+qi7dBIvgopQZUX QjFNy4rGAf0paSSe+0oUlmSDJCKcWPcKtLd+LWb3Hlr5g+Ftp64MLhnHPJzQ kTwY31/S8vs7K6tr6R3cxtbe/s7uX3D2omTjXDKotFrBshNSi4wqrlVmAj0U hlKLAeDm4mfv0RteGxurfDBNuS9hSPOKPWSQ8Dck2km4tOvuCX/CnIMgnmpA BzVDr571Y3ZqlEZZmgxjQjrqgoBknRcommPUJhqLacCRznWqnBhLIB7WHTUU Wnien1Y3LilC6JYu1GWTJVf2+MqDRmKEOXlNT2zaI3Ef/zmqmNrtojrpLUom Kzh6JUEBuTSRWkyzUyK4aOUKa5u5WwPtWUWVdYzjUSLP5/mdTOSoFfCu7OC 2V/3k0WjuAYTiGASyjDLVSgCgwkPMMLvHpP3pv37n3MohlvvnMIf+B9/gCxK ZQ7</latexit><latexit sha1_base64="olZe8/S4 CcMrivHMdjCi1y/+0NI=">AAAB/XicbVDLSgMxFL1TX7W+qi7dBIvgopQZUX QjFNy4rGAf0paSSe+0oUlmSDJCKcWPcKtLd+LWb3Hlr5g+Ftp64MLhnHPJzQ kTwY31/S8vs7K6tr6R3cxtbe/s7uX3D2omTjXDKotFrBshNSi4wqrlVmAj0U hlKLAeDm4mfv0RteGxurfDBNuS9hSPOKPWSQ8Dck2km4tOvuCX/CnIMgnmpA BzVDr571Y3ZqlEZZmgxjQjrqgoBknRcommPUJhqLacCRznWqnBhLIB7WHTUU Wnien1Y3LilC6JYu1GWTJVf2+MqDRmKEOXlNT2zaI3Ef/zmqmNrtojrpLUom Kzh6JUEBuTSRWkyzUyK4aOUKa5u5WwPtWUWVdYzjUSLP5/mdTOSoFfCu7OC 2V/3k0WjuAYTiGASyjDLVSgCgwkPMMLvHpP3pv37n3MohlvvnMIf+B9/gCxK ZQ7</latexit>
k = 1
<latexit sha1_base64="3PACeSya WaPxO+ammxmxEzuj03A=">AAAB+XicbVBNS8NAFHzxs9avqkcvi0XwUEoigl 6EghePFUxbaEvZbF/apZtN2N0IJfQ3eNWjN/Hqr/HkX3Gb5qCtAwvDzDze2w kSwbVx3S9nbX1jc2u7tFPe3ds/OKwcHbd0nCqGPotFrDoB1Si4RN9wI7CTKK RRILAdTO7mfvsJleaxfDTTBPsRHUkeckaNlfwJuSXeoFJ1624Oskq8glShQH NQ+e4NY5ZGKA0TVOtuyCUVNS+pGR6h7mcoNFWGM4Gzci/VmFA2oSPsWippns gvn5FzqwxJGCv7pCG5+nsio5HW0yiwyYiasV725uJ/Xjc14U0/4zJJDUq2WB SmgpiYzGsgQ66QGTG1hDLF7a2EjamizNiyyrYRb/n/q6R1WffcuvdwVW24R TclOIUzuAAPrqEB99AEHxhweIYXeHUy5815dz4W0TWnmDmBP3A+fwCh/5Ml< /latexit><latexit sha1_base64="3PACeSya WaPxO+ammxmxEzuj03A=">AAAB+XicbVBNS8NAFHzxs9avqkcvi0XwUEoigl 6EghePFUxbaEvZbF/apZtN2N0IJfQ3eNWjN/Hqr/HkX3Gb5qCtAwvDzDze2w kSwbVx3S9nbX1jc2u7tFPe3ds/OKwcHbd0nCqGPotFrDoB1Si4RN9wI7CTKK RRILAdTO7mfvsJleaxfDTTBPsRHUkeckaNlfwJuSXeoFJ1624Oskq8glShQH NQ+e4NY5ZGKA0TVOtuyCUVNS+pGR6h7mcoNFWGM4Gzci/VmFA2oSPsWippns gvn5FzqwxJGCv7pCG5+nsio5HW0yiwyYiasV725uJ/Xjc14U0/4zJJDUq2WB SmgpiYzGsgQ66QGTG1hDLF7a2EjamizNiyyrYRb/n/q6R1WffcuvdwVW24R TclOIUzuAAPrqEB99AEHxhweIYXeHUy5815dz4W0TWnmDmBP3A+fwCh/5Ml< /latexit><latexit sha1_base64="3PACeSya WaPxO+ammxmxEzuj03A=">AAAB+XicbVBNS8NAFHzxs9avqkcvi0XwUEoigl 6EghePFUxbaEvZbF/apZtN2N0IJfQ3eNWjN/Hqr/HkX3Gb5qCtAwvDzDze2w kSwbVx3S9nbX1jc2u7tFPe3ds/OKwcHbd0nCqGPotFrDoB1Si4RN9wI7CTKK RRILAdTO7mfvsJleaxfDTTBPsRHUkeckaNlfwJuSXeoFJ1624Oskq8glShQH NQ+e4NY5ZGKA0TVOtuyCUVNS+pGR6h7mcoNFWGM4Gzci/VmFA2oSPsWippns gvn5FzqwxJGCv7pCG5+nsio5HW0yiwyYiasV725uJ/Xjc14U0/4zJJDUq2WB SmgpiYzGsgQ66QGTG1hDLF7a2EjamizNiyyrYRb/n/q6R1WffcuvdwVW24R TclOIUzuAAPrqEB99AEHxhweIYXeHUy5815dz4W0TWnmDmBP3A+fwCh/5Ml< /latexit><latexit sha1_base64="3PACeSya WaPxO+ammxmxEzuj03A=">AAAB+XicbVBNS8NAFHzxs9avqkcvi0XwUEoigl 6EghePFUxbaEvZbF/apZtN2N0IJfQ3eNWjN/Hqr/HkX3Gb5qCtAwvDzDze2w kSwbVx3S9nbX1jc2u7tFPe3ds/OKwcHbd0nCqGPotFrDoB1Si4RN9wI7CTKK RRILAdTO7mfvsJleaxfDTTBPsRHUkeckaNlfwJuSXeoFJ1624Oskq8glShQH NQ+e4NY5ZGKA0TVOtuyCUVNS+pGR6h7mcoNFWGM4Gzci/VmFA2oSPsWippns gvn5FzqwxJGCv7pCG5+nsio5HW0yiwyYiasV725uJ/Xjc14U0/4zJJDUq2WB SmgpiYzGsgQ66QGTG1hDLF7a2EjamizNiyyrYRb/n/q6R1WffcuvdwVW24R TclOIUzuAAPrqEB99AEHxhweIYXeHUy5815dz4W0TWnmDmBP3A+fwCh/5Ml< /latexit>
k = m = 5
<latexit sha1_base64="olZe8/S4 CcMrivHMdjCi1y/+0NI=">AAAB/XicbVDLSgMxFL1TX7W+qi7dBIvgopQZUX QjFNy4rGAf0paSSe+0oUlmSDJCKcWPcKtLd+LWb3Hlr5g+Ftp64MLhnHPJzQ kTwY31/S8vs7K6tr6R3cxtbe/s7uX3D2omTjXDKotFrBshNSi4wqrlVmAj0U hlKLAeDm4mfv0RteGxurfDBNuS9hSPOKPWSQ8Dck2km4tOvuCX/CnIMgnmpA BzVDr571Y3ZqlEZZmgxjQjrqgoBknRcommPUJhqLacCRznWqnBhLIB7WHTUU Wnien1Y3LilC6JYu1GWTJVf2+MqDRmKEOXlNT2zaI3Ef/zmqmNrtojrpLUom Kzh6JUEBuTSRWkyzUyK4aOUKa5u5WwPtWUWVdYzjUSLP5/mdTOSoFfCu7OC 2V/3k0WjuAYTiGASyjDLVSgCgwkPMMLvHpP3pv37n3MohlvvnMIf+B9/gCxK ZQ7</latexit><latexit sha1_base64="olZe8/S4 CcMrivHMdjCi1y/+0NI=">AAAB/XicbVDLSgMxFL1TX7W+qi7dBIvgopQZUX QjFNy4rGAf0paSSe+0oUlmSDJCKcWPcKtLd+LWb3Hlr5g+Ftp64MLhnHPJzQ kTwY31/S8vs7K6tr6R3cxtbe/s7uX3D2omTjXDKotFrBshNSi4wqrlVmAj0U hlKLAeDm4mfv0RteGxurfDBNuS9hSPOKPWSQ8Dck2km4tOvuCX/CnIMgnmpA BzVDr571Y3ZqlEZZmgxjQjrqgoBknRcommPUJhqLacCRznWqnBhLIB7WHTUU Wnien1Y3LilC6JYu1GWTJVf2+MqDRmKEOXlNT2zaI3Ef/zmqmNrtojrpLUom Kzh6JUEBuTSRWkyzUyK4aOUKa5u5WwPtWUWVdYzjUSLP5/mdTOSoFfCu7OC 2V/3k0WjuAYTiGASyjDLVSgCgwkPMMLvHpP3pv37n3MohlvvnMIf+B9/gCxK ZQ7</latexit><latexit sha1_base64="olZe8/S4 CcMrivHMdjCi1y/+0NI=">AAAB/XicbVDLSgMxFL1TX7W+qi7dBIvgopQZUX QjFNy4rGAf0paSSe+0oUlmSDJCKcWPcKtLd+LWb3Hlr5g+Ftp64MLhnHPJzQ kTwY31/S8vs7K6tr6R3cxtbe/s7uX3D2omTjXDKotFrBshNSi4wqrlVmAj0U hlKLAeDm4mfv0RteGxurfDBNuS9hSPOKPWSQ8Dck2km4tOvuCX/CnIMgnmpA BzVDr571Y3ZqlEZZmgxjQjrqgoBknRcommPUJhqLacCRznWqnBhLIB7WHTUU Wnien1Y3LilC6JYu1GWTJVf2+MqDRmKEOXlNT2zaI3Ef/zmqmNrtojrpLUom Kzh6JUEBuTSRWkyzUyK4aOUKa5u5WwPtWUWVdYzjUSLP5/mdTOSoFfCu7OC 2V/3k0WjuAYTiGASyjDLVSgCgwkPMMLvHpP3pv37n3MohlvvnMIf+B9/gCxK ZQ7</latexit><latexit sha1_base64="olZe8/S4 CcMrivHMdjCi1y/+0NI=">AAAB/XicbVDLSgMxFL1TX7W+qi7dBIvgopQZUX QjFNy4rGAf0paSSe+0oUlmSDJCKcWPcKtLd+LWb3Hlr5g+Ftp64MLhnHPJzQ kTwY31/S8vs7K6tr6R3cxtbe/s7uX3D2omTjXDKotFrBshNSi4wqrlVmAj0U hlKLAeDm4mfv0RteGxurfDBNuS9hSPOKPWSQ8Dck2km4tOvuCX/CnIMgnmpA BzVDr571Y3ZqlEZZmgxjQjrqgoBknRcommPUJhqLacCRznWqnBhLIB7WHTUU Wnien1Y3LilC6JYu1GWTJVf2+MqDRmKEOXlNT2zaI3Ef/zmqmNrtojrpLUom Kzh6JUEBuTSRWkyzUyK4aOUKa5u5WwPtWUWVdYzjUSLP5/mdTOSoFfCu7OC 2V/3k0WjuAYTiGASyjDLVSgCgwkPMMLvHpP3pv37n3MohlvvnMIf+B9/gCxK ZQ7</latexit>
perr = 12.5 %
<latexit sha1_base 64="7bnbFhVOZJ91cf4eAs9LZqS4jRw="> AAACC3icbVDLSsNAFJ34rPUVFVduBkvBRSl JUXQjFNy4rGAf0JQwmd60QyeTMDMRSqh/4 Ee41aU7cetHuPJXnKZdaOuBgcM553LnniDh TGnH+bJWVtfWNzYLW8Xtnd29ffvgsKXiVF Jo0pjHshMQBZwJaGqmOXQSCSQKOLSD0c3Ub z+AVCwW93qcQC8iA8FCRok2km8fJ37myQi DlBN8jd1a9eLRK/t2yak6OfAyceekhOZo+P a3149pGoHQlBOluiEThFfcpKJZBKqXAVdE akY5TIpeqiAhdEQG0DVUkDyR3zLBZaP0cRh L84TGufp7IiORUuMoMMmI6KFa9Kbif1431 eFVL2MiSTUIOlsUphzrGE+LwX0mgWo+NoRQ ycxfMR0SSag29RVNI+7i/cukVau6TtW9Oy /Va/NuCugEnaIz5KJLVEe3qIGaiKIMPaMX9 Go9WW/Wu/Uxi65Y85kj9AfW5w9yx5mM</l atexit><latexit sha1_base 64="7bnbFhVOZJ91cf4eAs9LZqS4jRw="> AAACC3icbVDLSsNAFJ34rPUVFVduBkvBRSl JUXQjFNy4rGAf0JQwmd60QyeTMDMRSqh/4 Ee41aU7cetHuPJXnKZdaOuBgcM553LnniDh TGnH+bJWVtfWNzYLW8Xtnd29ffvgsKXiVF Jo0pjHshMQBZwJaGqmOXQSCSQKOLSD0c3Ub z+AVCwW93qcQC8iA8FCRok2km8fJ37myQi DlBN8jd1a9eLRK/t2yak6OfAyceekhOZo+P a3149pGoHQlBOluiEThFfcpKJZBKqXAVdE akY5TIpeqiAhdEQG0DVUkDyR3zLBZaP0cRh L84TGufp7IiORUuMoMMmI6KFa9Kbif1431 eFVL2MiSTUIOlsUphzrGE+LwX0mgWo+NoRQ ycxfMR0SSag29RVNI+7i/cukVau6TtW9Oy /Va/NuCugEnaIz5KJLVEe3qIGaiKIMPaMX9 Go9WW/Wu/Uxi65Y85kj9AfW5w9yx5mM</l atexit><latexit sha1_base 64="7bnbFhVOZJ91cf4eAs9LZqS4jRw="> AAACC3icbVDLSsNAFJ34rPUVFVduBkvBRSl JUXQjFNy4rGAf0JQwmd60QyeTMDMRSqh/4 Ee41aU7cetHuPJXnKZdaOuBgcM553LnniDh TGnH+bJWVtfWNzYLW8Xtnd29ffvgsKXiVF Jo0pjHshMQBZwJaGqmOXQSCSQKOLSD0c3Ub z+AVCwW93qcQC8iA8FCRok2km8fJ37myQi DlBN8jd1a9eLRK/t2yak6OfAyceekhOZo+P a3149pGoHQlBOluiEThFfcpKJZBKqXAVdE akY5TIpeqiAhdEQG0DVUkDyR3zLBZaP0cRh L84TGufp7IiORUuMoMMmI6KFa9Kbif1431 eFVL2MiSTUIOlsUphzrGE+LwX0mgWo+NoRQ ycxfMR0SSag29RVNI+7i/cukVau6TtW9Oy /Va/NuCugEnaIz5KJLVEe3qIGaiKIMPaMX9 Go9WW/Wu/Uxi65Y85kj9AfW5w9yx5mM</l atexit><latexit sha1_base 64="7bnbFhVOZJ91cf4eAs9LZqS4jRw="> AAACC3icbVDLSsNAFJ34rPUVFVduBkvBRSl JUXQjFNy4rGAf0JQwmd60QyeTMDMRSqh/4 Ee41aU7cetHuPJXnKZdaOuBgcM553LnniDh TGnH+bJWVtfWNzYLW8Xtnd29ffvgsKXiVF Jo0pjHshMQBZwJaGqmOXQSCSQKOLSD0c3Ub z+AVCwW93qcQC8iA8FCRok2km8fJ37myQi DlBN8jd1a9eLRK/t2yak6OfAyceekhOZo+P a3149pGoHQlBOluiEThFfcpKJZBKqXAVdE akY5TIpeqiAhdEQG0DVUkDyR3zLBZaP0cRh L84TGufp7IiORUuMoMMmI6KFa9Kbif1431 eFVL2MiSTUIOlsUphzrGE+LwX0mgWo+NoRQ ycxfMR0SSag29RVNI+7i/cukVau6TtW9Oy /Va/NuCugEnaIz5KJLVEe3qIGaiKIMPaMX9 Go9WW/Wu/Uxi65Y85kj9AfW5w9yx5mM</l atexit>
perr = 2.3 %
<latexit sha1_base64="BSTeu2ssmq+xo 4TCnXQ58wIH+FI=">AAACCnicbVDLSgMxFM3UV62v+ti5CZaCizLMVEE3QsGNywr2AZ0y ZNI7bWgmMyQZoZb6BX6EW126E7f+hCt/xbSdhbYeCBzOOZebe4KEM6Ud58vKrayurW/kN wtb2zu7e8X9g6aKU0mhQWMey3ZAFHAmoKGZ5tBOJJAo4NAKhtdTv3UPUrFY3OlRAt2I9A ULGSXaSH7xKPHHnowwSDnBV7hqnz16Zb9YcmxnBrxM3IyUUIa6X/z2ejFNIxCacqJUJ2S C8IqbVDSLQHXHwBWRmlEOk4KXKkgIHZI+dAwVZJaYnTLBZaP0cBhL84TGM/X3xJhESo2i wCQjogdq0ZuK/3mdVIeX3TETSapB0PmiMOVYx3jaC+4xCVTzkSGESmb+iumASEK1aa9gG nEX718mzartOrZ7e16qVbNu8ugYnaBT5KILVEM3qI4aiKIH9Ixe0Kv1ZL1Z79bHPJqzsp lD9AfW5w/3i5lP</latexit><latexit sha1_base64="BSTeu2ssmq+xo 4TCnXQ58wIH+FI=">AAACCnicbVDLSgMxFM3UV62v+ti5CZaCizLMVEE3QsGNywr2AZ0y ZNI7bWgmMyQZoZb6BX6EW126E7f+hCt/xbSdhbYeCBzOOZebe4KEM6Ud58vKrayurW/kN wtb2zu7e8X9g6aKU0mhQWMey3ZAFHAmoKGZ5tBOJJAo4NAKhtdTv3UPUrFY3OlRAt2I9A ULGSXaSH7xKPHHnowwSDnBV7hqnz16Zb9YcmxnBrxM3IyUUIa6X/z2ejFNIxCacqJUJ2S C8IqbVDSLQHXHwBWRmlEOk4KXKkgIHZI+dAwVZJaYnTLBZaP0cBhL84TGM/X3xJhESo2i wCQjogdq0ZuK/3mdVIeX3TETSapB0PmiMOVYx3jaC+4xCVTzkSGESmb+iumASEK1aa9gG nEX718mzartOrZ7e16qVbNu8ugYnaBT5KILVEM3qI4aiKIH9Ixe0Kv1ZL1Z79bHPJqzsp lD9AfW5w/3i5lP</latexit><latexit sha1_base64="BSTeu2ssmq+xo 4TCnXQ58wIH+FI=">AAACCnicbVDLSgMxFM3UV62v+ti5CZaCizLMVEE3QsGNywr2AZ0y ZNI7bWgmMyQZoZb6BX6EW126E7f+hCt/xbSdhbYeCBzOOZebe4KEM6Ud58vKrayurW/kN wtb2zu7e8X9g6aKU0mhQWMey3ZAFHAmoKGZ5tBOJJAo4NAKhtdTv3UPUrFY3OlRAt2I9A ULGSXaSH7xKPHHnowwSDnBV7hqnz16Zb9YcmxnBrxM3IyUUIa6X/z2ejFNIxCacqJUJ2S C8IqbVDSLQHXHwBWRmlEOk4KXKkgIHZI+dAwVZJaYnTLBZaP0cBhL84TGM/X3xJhESo2i wCQjogdq0ZuK/3mdVIeX3TETSapB0PmiMOVYx3jaC+4xCVTzkSGESmb+iumASEK1aa9gG nEX718mzartOrZ7e16qVbNu8ugYnaBT5KILVEM3qI4aiKIH9Ixe0Kv1ZL1Z79bHPJqzsp lD9AfW5w/3i5lP</latexit><latexit sha1_base64="BSTeu2ssmq+xo 4TCnXQ58wIH+FI=">AAACCnicbVDLSgMxFM3UV62v+ti5CZaCizLMVEE3QsGNywr2AZ0y ZNI7bWgmMyQZoZb6BX6EW126E7f+hCt/xbSdhbYeCBzOOZebe4KEM6Ud58vKrayurW/kN wtb2zu7e8X9g6aKU0mhQWMey3ZAFHAmoKGZ5tBOJJAo4NAKhtdTv3UPUrFY3OlRAt2I9A ULGSXaSH7xKPHHnowwSDnBV7hqnz16Zb9YcmxnBrxM3IyUUIa6X/z2ejFNIxCacqJUJ2S C8IqbVDSLQHXHwBWRmlEOk4KXKkgIHZI+dAwVZJaYnTLBZaP0cBhL84TGM/X3xJhESo2i wCQjogdq0ZuK/3mdVIeX3TETSapB0PmiMOVYx3jaC+4xCVTzkSGESmb+iumASEK1aa9gG nEX718mzartOrZ7e16qVbNu8ugYnaBT5KILVEM3qI4aiKIH9Ixe0Kv1ZL1Z79bHPJqzsp lD9AfW5w/3i5lP</latexit>
perr = 0.001 %
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perr = 1.2 ⇥ 10 14 %
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hNci = 479 ± 22
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hNci = 1845 ± 50
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FIG. 10: Experimental ratio Nc(k)/〈Nc〉with k=m= 5 (green disks)
and k = 1 (red circles) as a function of the experimental run num-
ber (Rep), k being the length of the input word ak of the 1qfa A
accepting the language Lm. We considered different values of the
overall average number of counts: (a) 〈Nc〉 = 36, (b) 〈Nc〉 = 108,
(c) 〈Nc〉 = 479 and (d) 〈Nc〉 = 1845. The horizontal lines are the
threshold values Nth given in Eq. (21). In the plots we also report
the theoretical error probability from Eq. (23). The reduction of the
relative statistical fluctuations is evident.
respectively, which can be obtained varying pump’s power by
rotating the half-wave plate of the amplitude modulator. We
repeated the experiments 50 times with an acquisition time
of 1s for each of the two values of k. It is clear that increas-
ing 〈Nc〉 reduces the relative fluctuations and, thus, the error
probability decreases accordingly.
To better appreciate the performance of our photonic sim-
ulator, we consider our 1qfa A accepting the language Lm,
with m = 23. In this case, a single rotation of polarization
(taking place, e.g., on the input word of length k = 1) has
(approximately) θ = 8◦, which corresponds to 2 units in the
half-wave plate’s scale (see point (5) in the above description
of our experimental setup). In the top panel of Figure 11 we
report examples of the number of counts Nc(k) for just one
given experimental run as a function of different values k of
the length of the input word ak and for 〈Nc〉 = 18439. The
acquisition time of each point is 10s. We can see that, due
to the statistical fluctuations mentioned above, sometimes the
automaton fails to accept the word: this is the case of the in-
put lengths 115 and 229, as discussed in the figure caption.
We remark that in the latter cases we have chosen two par-
ticular experimental runs in which the automaton fails: if we
had considered the average over many runs, we would have
found that the automaton always succeed on average, since
the standard deviation, due to the statistical scaling, can be re-
duced at will. Of course, given a particular run, the error is
independent of k, but depends only on the random, statistical
fluctuations, which can be controlled by increasing 〈Nc〉, as
we can see in the bottom panel of Figure 11, where we report
the results of the photonic simulator taking the same words
of the top panel as inputs but with 〈Nc〉 = 56477, obtained
with an acquisition time of 30s. This can be also understood
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hNci = 18439± 114, Nth = 18267.5
<latexit sha1_base64="Lo76q6L8OxUirvjDXmtpB14wXSY=">AA ACKHicbVDLSgMxFM3UV62vqks3wSK4KGVSq60LseDGlVSwD+iUkknTNjTJjElGKEM/x42/4kZEkW79EtPHQlsPBA7nnMvNPX7ImTauO3YS K6tr6xvJzdTW9s7uXnr/oKaDSBFaJQEPVMPHmnImadUww2kjVBQLn9O6P7iZ+PUnqjQL5IMZhrQlcE+yLiPYWKmdvvY4lj1O4V2bQE/N+B VEpcLZJfRCAREqZKH3GOGOjcSeEtD0R9NE/qKYO2+nM27OnQIuEzQnGTBHpZ1+9zoBiQSVhnCsdRO5oWnFWBlGOB2lvEjTEJMB7tGmpRILq lvx9NARPLFKB3YDZZ80cKr+noix0HoofJsU2PT1ojcR//OakemWWjGTYWSoJLNF3YhDE8BJa7DDFCWGDy3BRDH7V0j6WGFibLcpWwJaPHm Z1PI55ObQfSFTzs7rSIIjcAxOAQJFUAa3oAKqgIBn8Ao+wKfz4rw5X854Fk0485lD8AfO9w94naHL</latexit><latexit sha1_base64="Lo76q6L8OxUirvjDXmtpB14wXSY=">AA ACKHicbVDLSgMxFM3UV62vqks3wSK4KGVSq60LseDGlVSwD+iUkknTNjTJjElGKEM/x42/4kZEkW79EtPHQlsPBA7nnMvNPX7ImTauO3YS K6tr6xvJzdTW9s7uXnr/oKaDSBFaJQEPVMPHmnImadUww2kjVBQLn9O6P7iZ+PUnqjQL5IMZhrQlcE+yLiPYWKmdvvY4lj1O4V2bQE/N+B VEpcLZJfRCAREqZKH3GOGOjcSeEtD0R9NE/qKYO2+nM27OnQIuEzQnGTBHpZ1+9zoBiQSVhnCsdRO5oWnFWBlGOB2lvEjTEJMB7tGmpRILq lvx9NARPLFKB3YDZZ80cKr+noix0HoofJsU2PT1ojcR//OakemWWjGTYWSoJLNF3YhDE8BJa7DDFCWGDy3BRDH7V0j6WGFibLcpWwJaPHm Z1PI55ObQfSFTzs7rSIIjcAxOAQJFUAa3oAKqgIBn8Ao+wKfz4rw5X854Fk0485lD8AfO9w94naHL</latexit><latexit sha1_base64="Lo76q6L8OxUirvjDXmtpB14wXSY=">AA ACKHicbVDLSgMxFM3UV62vqks3wSK4KGVSq60LseDGlVSwD+iUkknTNjTJjElGKEM/x42/4kZEkW79EtPHQlsPBA7nnMvNPX7ImTauO3YS K6tr6xvJzdTW9s7uXnr/oKaDSBFaJQEPVMPHmnImadUww2kjVBQLn9O6P7iZ+PUnqjQL5IMZhrQlcE+yLiPYWKmdvvY4lj1O4V2bQE/N+B VEpcLZJfRCAREqZKH3GOGOjcSeEtD0R9NE/qKYO2+nM27OnQIuEzQnGTBHpZ1+9zoBiQSVhnCsdRO5oWnFWBlGOB2lvEjTEJMB7tGmpRILq lvx9NARPLFKB3YDZZ80cKr+noix0HoofJsU2PT1ojcR//OakemWWjGTYWSoJLNF3YhDE8BJa7DDFCWGDy3BRDH7V0j6WGFibLcpWwJaPHm Z1PI55ObQfSFTzs7rSIIjcAxOAQJFUAa3oAKqgIBn8Ao+wKfz4rw5X854Fk0485lD8AfO9w94naHL</latexit><latexit sha1_base64="Lo76q6L8OxUirvjDXmtpB14wXSY=">AA ACKHicbVDLSgMxFM3UV62vqks3wSK4KGVSq60LseDGlVSwD+iUkknTNjTJjElGKEM/x42/4kZEkW79EtPHQlsPBA7nnMvNPX7ImTauO3YS K6tr6xvJzdTW9s7uXnr/oKaDSBFaJQEPVMPHmnImadUww2kjVBQLn9O6P7iZ+PUnqjQL5IMZhrQlcE+yLiPYWKmdvvY4lj1O4V2bQE/N+B VEpcLZJfRCAREqZKH3GOGOjcSeEtD0R9NE/qKYO2+nM27OnQIuEzQnGTBHpZ1+9zoBiQSVhnCsdRO5oWnFWBlGOB2lvEjTEJMB7tGmpRILq lvx9NARPLFKB3YDZZ80cKr+noix0HoofJsU2PT1ojcR//OakemWWjGTYWSoJLNF3YhDE8BJa7DDFCWGDy3BRDH7V0j6WGFibLcpWwJaPHm Z1PI55ObQfSFTzs7rSIIjcAxOAQJFUAa3oAKqgIBn8Ao+wKfz4rw5X854Fk0485lD8AfO9w94naHL</latexit>
hNci = 56477± 244, Nth = 55951.5
<latexit sha1_base64="A1oXEbW2i1xk49mX0GJ0hlsSS5s=">AA ACKHicbVDLSgMxFM34rPVVdekmWAQXpcyUjtWFWHDjSirYB3SGkknTNjTJjElGKEM/x42/4kZEkW79EjNtF9p6IHA451xu7gkiRpW27Ym1 srq2vrGZ2cpu7+zu7ecODhsqjCUmdRyyULYCpAijgtQ11Yy0IkkQDxhpBsOb1G8+EaloKB70KCI+R31BexQjbaRO7tpjSPQZgXcdDD0541 fQPS9XKtCLOCyVywXoPcaoayKJJznUg3GacC9dp+h2cnm7aE8Bl4kzJ3kwR62Te/e6IY45ERozpFTbsSPtJ0hqihkZZ71YkQjhIeqTtqECc aL8ZHroGJ4apQt7oTRPaDhVf08kiCs14oFJcqQHatFLxf+8dqx7F35CRRRrIvBsUS9mUIcwbQ12qSRYs5EhCEtq/grxAEmEtek2a0pwFk9 eJo1S0bGLzn05Xy3M68iAY3ACzoADKqAKbkEN1AEGz+AVfIBP68V6s76sySy6Ys1njsAfWN8/h2qh1A==</latexit><latexit sha1_base64="A1oXEbW2i1xk49mX0GJ0hlsSS5s=">AA ACKHicbVDLSgMxFM34rPVVdekmWAQXpcyUjtWFWHDjSirYB3SGkknTNjTJjElGKEM/x42/4kZEkW79EjNtF9p6IHA451xu7gkiRpW27Ym1 srq2vrGZ2cpu7+zu7ecODhsqjCUmdRyyULYCpAijgtQ11Yy0IkkQDxhpBsOb1G8+EaloKB70KCI+R31BexQjbaRO7tpjSPQZgXcdDD0541 fQPS9XKtCLOCyVywXoPcaoayKJJznUg3GacC9dp+h2cnm7aE8Bl4kzJ3kwR62Te/e6IY45ERozpFTbsSPtJ0hqihkZZ71YkQjhIeqTtqECc aL8ZHroGJ4apQt7oTRPaDhVf08kiCs14oFJcqQHatFLxf+8dqx7F35CRRRrIvBsUS9mUIcwbQ12qSRYs5EhCEtq/grxAEmEtek2a0pwFk9 eJo1S0bGLzn05Xy3M68iAY3ACzoADKqAKbkEN1AEGz+AVfIBP68V6s76sySy6Ys1njsAfWN8/h2qh1A==</latexit><latexit sha1_base64="A1oXEbW2i1xk49mX0GJ0hlsSS5s=">AA ACKHicbVDLSgMxFM34rPVVdekmWAQXpcyUjtWFWHDjSirYB3SGkknTNjTJjElGKEM/x42/4kZEkW79EjNtF9p6IHA451xu7gkiRpW27Ym1 srq2vrGZ2cpu7+zu7ecODhsqjCUmdRyyULYCpAijgtQ11Yy0IkkQDxhpBsOb1G8+EaloKB70KCI+R31BexQjbaRO7tpjSPQZgXcdDD0541 fQPS9XKtCLOCyVywXoPcaoayKJJznUg3GacC9dp+h2cnm7aE8Bl4kzJ3kwR62Te/e6IY45ERozpFTbsSPtJ0hqihkZZ71YkQjhIeqTtqECc aL8ZHroGJ4apQt7oTRPaDhVf08kiCs14oFJcqQHatFLxf+8dqx7F35CRRRrIvBsUS9mUIcwbQ12qSRYs5EhCEtq/grxAEmEtek2a0pwFk9 eJo1S0bGLzn05Xy3M68iAY3ACzoADKqAKbkEN1AEGz+AVfIBP68V6s76sySy6Ys1njsAfWN8/h2qh1A==</latexit><latexit sha1_base64="A1oXEbW2i1xk49mX0GJ0hlsSS5s=">AA ACKHicbVDLSgMxFM34rPVVdekmWAQXpcyUjtWFWHDjSirYB3SGkknTNjTJjElGKEM/x42/4kZEkW79EjNtF9p6IHA451xu7gkiRpW27Ym1 srq2vrGZ2cpu7+zu7ecODhsqjCUmdRyyULYCpAijgtQ11Yy0IkkQDxhpBsOb1G8+EaloKB70KCI+R31BexQjbaRO7tpjSPQZgXcdDD0541 fQPS9XKtCLOCyVywXoPcaoayKJJznUg3GacC9dp+h2cnm7aE8Bl4kzJ3kwR62Te/e6IY45ERozpFTbsSPtJ0hqihkZZ71YkQjhIeqTtqECc aL8ZHroGJ4apQt7oTRPaDhVf08kiCs14oFJcqQHatFLxf+8dqx7F35CRRRrIvBsUS9mUIcwbQ12qSRYs5EhCEtq/grxAEmEtek2a0pwFk9 eJo1S0bGLzn05Xy3M68iAY3ACzoADKqAKbkEN1AEGz+AVfIBP68V6s76sySy6Ys1njsAfWN8/h2qh1A==</latexit>
4
4
4
4
15
10
5
Nc(k) ✕ 103
Nc(k) ✕ 103
19.
18.5
18.
17.5
17.
Nc(k) ✕ 103
6
5
40
3
2
1
Nc(k) ✕ 103
57
56
55
54
20
FIG. 11: Examples of the experimental number of counts Nc(k)
(dots) as a function of the length k of the input word ak (we have
chosen 10 values of k randomly in the interval [1,500]). The hori-
zontal lines refer to the threshold Nth on the number of counts for
the discrimination strategy (see the text for details): if Nc(k) ≥ Nth
the word ak is accepted. The color of the vertical bars refers to the
theoretical acceptance (green) or rejection (red) of the correspond-
ing input ak by the 1qfa A accepting the language Lm, with m = 23.
The average number of counts is 〈Nc〉 = 18439± 114 (top panel,
corresponding to Nth = 18267.5) and 〈Nc〉 = 56477± 244 (bottom
panel, leading to Nth = 55951.5). In both the panels, the lower plots
are a magnification of the region around the threshold Nth. (Top
panel) In this case the error probability evaluated from Eq. (23) is
perr = 10.3%: the number 229 is accepted according to our strat-
egy, since the number of counts (see the orange arrows) is larger
than the threshold (horizontal solid line), but it should be rejected;
on the other hand the number 115 should be accepted but it is re-
jected since the number of counts (see the magenta arrows) is below
the threshold. (Bottom panel) Here the error probability evaluated
from Eq. (23) is perr = 1.3%: now the number 229 is rejected and
the number 115 is accepted, according to the definition of Lm. See
the text for details.
by considering Eq. (23): the error probability is reduced from
perr = 10.3% for 〈Nc〉= 18439 of the previous case to the cur-
rent perr = 1.3% for 〈Nc〉= 56477.
VI. CONCLUSIONS
We have suggested and demonstrated a photonic realiza-
tion of quantum finite automata able to recognize a well
known family of unary periodic languages. Our device ex-
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ploits the polarization degree of freedom of single photons
and their manipulation through linear optical elements. In
particular, we have designed and implemented a one-way
quantum finite automaton A accepting the unary language
Lm = {ak | k ∈ N and k mod m = 0} with only 2 basis states
and isolated cut point. Notice that any classical finite automa-
ton for Lm requires a number of states which grows with m.
We have implemented the quantum finite automaton A us-
ing the polarization degree of freedom of a single photon and
have exploited a discrimination strategy to reduce the accep-
tance error probability.
It is worth noting that, for the particular one-way quan-
tum finite automaton we considered, we exploited only the
polarization degree of freedom of (quantized) optical fields
and photodetection. Therefore, one can implement a similar
automaton also exploiting polarization of a classical coherent
field (a laser beam) and intensity measurements. Neverthe-
less, our experiment uses single photons, that are intrinsically
quantum objects, and, thus, it paves the way to more complex
quantum finite automata we are planning to address and which
exploit genuine quantum resources, such as entanglement. In
fact, the quantum technology employed in our implementation
is the same used in the current quantum information process-
ing setups based on optical states.
Besides being interesting in itself for fundamental reasons,
our physical realization of the one-way quantum finite au-
tomaton A provides a concrete implementation of a small
quantum computational component that can be used to phys-
ically build more sophisticated and precise quantum finite
automata. Indeed, several modular design frameworks have
been modeled and widely investigated from a theoretical point
of view [24, 25, 30–38, 65] to build succinct and precise
quantum finite automata performing different tasks, where the
module A plays a crucial role. Within these frameworks,
by suitably assembling a sufficient number of A -like mod-
ules via traditional compositions of quantum systems (i.e., di-
rect products and sums), the existence of succinct and precise
quantum finite automata has been theoretically shown. From
this perspective, our results are instrumental to a deeper un-
derstanding of possible physical implementations of these de-
sign frameworks by means of photonic technology, and pave
the way for the construction of other more powerful models
of quantum finite automata.
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